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CHAPTER 1

Introduction

By the end of the establishment of Quantum Mechanics during the first three decades of the
20th century, describing electromagnetic radiation in atoms within the framework of Quantum
Mechanics required a formalism that was able to describe the creation and annihilation of
particles as well as the interaction between electrons and photons. It was Paul Dirac who
provided a first proper treatment of this problem in his paper The Quantum Theory of the
Emission and Absorption of Radiation in 1927 [Dir27]. By combining Quantum Mechanics,
the Special Theory of Relativity as well as Classical Field Theory, Dirac, Pascual Jordan,
Eugene Wigner and others laid the foundation for Quantum Electrodynamics (QED), the
first kind of a Quantum Field Theory (QFT). It describes the electron and the photon as well
as their interactions and naturally gives rise to the antiparticle of the electron, the positron
[Shil2, p. 1].

The 1930s and 1940s were dominated by the challenge of handling the infinities which
Robert Oppenheimer found to be a generic feature of computations for any higher-order
correction to observables of QFTs [Opp30]. The breakthrough came around 1950 with a series
of papers by Richard Feynman, Julian Schwinger, Sin-Itiro Tomonaga and Freeman Dyson,
in which the procedure of renormalization was developed to consistently cancel all infinities
(see [Man83, p. 2] and references therein). In 1948, also the path-integral formulation and
Feynman graphs have been introduced for the first time [Fey48].

In order to theoretically describe the experimentally established observations of the weak
and the strong interaction, generalizations of QED were proposed, in particular theories with
non-Abelian gauge symmetries. Until the early 1970s, this process had lead to the discovery
of the Electroweak Theory — describing the weak interaction by using the mechanism of
symmetry breaking that gives rise to the Higgs boson [Hig64]|[Eng64]|[Gur64] — as well as
Quantum Chromodynamics (QCD), which describes the strong interaction between quarks.
At the same time, also the Standard Model of Elementary Particles started taking shape
[Shil2, p. 3]. For a basic introduction in what QFT and the Standard Model is (also for
people with little knowledge in particle physics) see App. A.

Meanwhile, particle accelerators were constructed that allowed for the observation of
particle collisions at higher and higher energies. Their findings accompanied the development
of the theories or confirmed their predictions retrospectively. In this way, more and more
new particles were experimentally discovered and appropriately built into the framework of
the Standard Model. Finally, with the discovery of the Higgs boson in 2012 at the Large
Hadron Collider (LHC) at CERN, the last piece of the Standard Model was experimentally
confirmed [Chal2]|[Aad12].

Together, QFT and the Standard Model have been very successful in predicting experimental
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results to a high precision (see for example [Kin90, pp. 4-12][Tan18, p. 172]), yet there are
still phenomena they cannot explain. One of the outstanding problems in modern physics is
Dark Matter.

In 1933, Fritz Zwicky used the virial theorem to determine the mass of the Coma galaxy
cluster and was the first who found that the density of luminous matter is much smaller
than the density of Dark Matter [Zwi33][Ber18a, p. 13]. Until today, by various methods,
astronomers have found striking evidence for the existence of considerable amounts of
gravitationally interacting (i.e. massive) and non-luminous (i. e. electrically neutral) matter
in the universe: Dark Matter. While in the early stages of Dark Matter research Dark
Matter was mainly thought of as non-luminous ordinary matter, such as planets, nebulae or
gases [Berl8a, p. 14], these possibilities were eventually ruled out (see for example [Mee71]).
In the 1980s it became the leading paradigm that Dark Matter consists of non-baryonic
particles [Berl8a, p. 42|, which are referred to as Dark Matter particles or simply Dark Matter.
However, the specific nature of Dark Matter remains unclear until today.

A promising Dark Matter candidate class is the weakly interacting massive particle (WIMP).
In order to produce the observed Dark Matter relic abundance through the freeze-out
mechanism, the Dark Matter particles must self-annihilate with a cross section o of about
(ov) ~ 10726 cm3s~! [Stel2], where v is the relative velocity of the annihilating particles and
(-) the thermal expectation value. The fact that this order of magnitude corresponds to the
cross section of interactions transmitted by the weak force has been referred to as the WIMP
miracle and serves as an excellent motivation for the study of WIMPs [Ber18a, p. 43].

In order to incorporate such a Dark Matter candidate, the Standard Model needs to be
extended. The Higgs potential of the weak sector of the Standard Model Lagrangian is so
far experimentally only weakly constrained and extending it leads to a rich spectrum of
phenomenological characteristics [Ival7].

In this work, a specific minimal extension of the Standard Model is studied, the Dark
Complex Scalar Ezxtension of the Standard Model (DCxSM), in which a new complex singlet
is added to the Higgs sector (and hence the weak sector) of the Standard Model Lagrangian,
which — after electroweak symmetry breaking — gives rise to a scalar field describing a Dark
Matter particle candidate [Ish18]. For this candidate, the spin-independent cross section
for Dark Matter Direct Detection experiments is computed, which aim for detecting the
scattering of a Dark Matter particle with a nucleus from some target material. Since the
tree-level contribution to this cross section vanishes in the non-relativistic limit (see Sec. 5.1),
higher-order corrections have to be taken into account.

The DCxSM is introduced in Chapter 2. In Chapter 3, an overview over the experiments
that have been and are currently conducted to detect Dark Matter is provided, focusing in
particular on Dark Matter Direct Detection experiments, for which the kinematics and the
connection between experimental measurements and theoretical calculations is presented in
detail. The renormalization of DCxSM, which is required for the higher-order calculations, is
presented in Chapter 4. In Chapter 5 it is explained which diagrams are taken into account
and which techniques have been applied to compute them. Finally, the results are analyzed
and compared to current experimental exclusion limits in Chapter 6, and in Chapter 7 the
work and the results are summarized.



CHAPTER 2

The Lagrangian and Parameters of the DCxSM

In this chapter the Dark Complex Scalar Extension of the Standard Model (DCxSM) is
introduced. The DCxSM is a modification of the Standard Model that exclusively affects the
Higgs sector, where a new complex scalar field .S is added as a singlet under the gauge group.
Being a singlet, it comes with the kinetic term |0#S|?, which does not contain a covariant
derivative, and therefore S does not couple to any gauge bosons.

The Higgs sector potential in the DCxSM is given by [Ish18, p. 2]

2 A 2 A m3 .
V= —ERH P 4 S - BS54 2SI+ s HP ISP - 2 (87 + 57 (2)

Here, H is the Standard Model Higgs doublet and the first two terms of V' are precisely as in
the Standard Model. Adding the latter four terms yields the Higgs potential of the DCxSM.
The DCxSM has a global U(1) symmetry corresponding to the transformation S — €'*S that
is softly broken by the last term of the potential (2.1).

For the potential to be stable (that is, to tend to plus infinity for |H|,|S| — o0), it is
required that [Azel9, p. 3]

A > 0, As > 0, Afs > —V AHAs - (2.3)

The vacuum expectation values (VEVs) of the fields H and S are chosen to be

=25 (D). ©=% (2.0

1 In the limit |H|, |S| — oo, the terms of order two in the fields can be neglected. The potential is then of the
form V(z,y) = az* + by* + cz®y? and it needs to tend to infinity in any direction. Particularly, it should
tend to infinity in directions where x = 0 or y = 0, from which one immediately concludes that a,b > 0
(corresponding to Am, As > 0). If ¢ is negative and |c| gets large compared to a, b, the potential will tend
to minus infinity in some directions. Thus, there is a certain value co (dependent on a, b), such that the
potential is stable for ¢ > ¢o and unstable for ¢ < c¢g. For ¢ = ¢p it tends to zero in some direction. Hence,
since the gradient VV (z,y) trivially vanishes at x = y = 0, the case ¢ = ¢¢ implies that VV (z,y) = 0 has
other solutions than only x = y = 0. To find them, consider

. dax® + 2coxy2 _ z,y#0 2 _ dab (2>
VV(x,y) = <4by3 + 28()332y = O <:> yg = g y2 . (22)

Obviously, this can only be solved for ¢ = 4ab, in which case the solutions are = £z and y = +y. Note,
that the first equation in (2.2) also implies coy® = —2az?, from which it automatically follows that co < 0.
Hence, the potential is stable for ¢ > ¢o = —2v/ab or equivalently Aus > —v/AnAg. This result is also given
in [Azel9, p. 3] and for a similar potential in [Duclb, p. 3].
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with v and vg being real and positive, such that v ~ 246 GeV is the VEV of the Standard
Model Higgs doublet [Tanl8, p. 161]. By definition, the VEVs are minima of the potential
and thus fulfill the equations

ov v
— =0 = Ty = *(—IUQH—F)\H’UQ—F/\Hs’U%) =0,
ov v '
25 =0 — TS:ZES(— §+)\SU§+)\HSU2—m§<):0.
VEV

The specification “VEV” in these equations means that H and S are replaced by their VEVs
(H) and (S) from Eq. (2.4), respectively.

For a reason that will become clear in Sec. 4.4, these extrema conditions are also called
tadpole conditions. In that chapter, the renormalization of the theory is presented, which
becomes necessary as soon as higher-order corrections are taken into account. Since renor-
malization will also affect the tadpole conditions (2.5) and for the sake of generality, let us
not set Ty = 0 and Tg = 0 immediately in the following formulas, although this would be
perfectly valid at leading order in perturbation theory.

It is now possible to expand the fields H and S around their VEVs, for which the
parameterizations

GT 1
H:<¢@+@H«w), § =5 s s +ix) 26)

with real fields ¢, GV, ¢g and x and a complex field GT are a common choice. ¢y and ¢g
are the Higgs boson fields in the gauge basis (in contrast to the mass basis h; and hg that
will be introduced in Eq. (2.14)). G and GV are the massless charged and neutral Goldstone
bosons, respectively.

Plugging the expansion (2.6) into the potential (2.1) and using the definitions (2.5) to
replace py and ps by Ty, Ts, v and vs, the potential becomes

V=W+Vi+Va+Vs+Vy, (2.7)
where
Vi =Tuou + Ts ¢s, (2.8)
1
V= 3 (on.09) 06 ()
2 ®s
1 1 1 1 (2:9)
- 2 - 2, +12 , 0\2
+2 <mX+USTs>X +UTH|G ’ +2UTH(G ) ,

1 1
Vs = 5 (Anv g+ Asus 65) + SAus (vs Giads + v dnds +vomx’)

) 1 , . (2.10)
+ §>\Svs Psx” + B (Auv ¢n + Ausvs ¢s) (21G4|° + (GY)?)



—_

Vi= = (An ot + As 08 + As x* + 4xm [GH]H + A (G0))
(Aus ¢H 6% + s R + As 63x?) (2.11)

1
(Am it + Ans 65 + Ans x7) (21GT* +(G7)) + S Au [GT1(G7)?

1
4
1
4

and Vj contains all constant terms (without any fields), which constitutes only an irrelevant
shift of the potential. The squared mass matrix M3 in Eq. (2.9) is given by

2 _ A4q2 o Auv?  Ansvus ~_(Tu/v 0

The matrix M? can be diagonalized by an orthogonal matrix

(2.13)

(Z;) = R(«) <i‘;> : (2.14)

where hy and hgy are the Higgs mass eigenstates. The eigenvalues of M2, i.e. the squared
mass values of the Higgs mass eigenstates, are given by

R(a) = (

cosa  sina
—sina  cos o

such that

M? = R(a) M* R (a) = (m% 02) :

0 mj

1 1 1
miQ = 5)\1{7)2 + 5)\51}3 T 5\/()\}11)2 — )\svg)z + (QAHSUUS)z , (2.15)

such that m? < m32. Finally, the following identities for the Higgs mass mixing angle o can
be derived from (2.14) (see App. B):

2AHS VS
tan2a = —————,
Av? — Agvg
—2A g vv
Sin 20( = % 5 (216)
my —my
Agv2 — Agv?
cos 2 = %
my —my

The Higgs sector potential (2.1) of the DCxSM has six independent real parameters: The
mass parameters N%p u% and mi as well as the quartic couplings Ay, As and Agg. By the
minimization conditions (2.5), the parameters ,UIQ_I and ,u% can be replaced by a combination
of v, vg, Ty and Tg. Furthermore, due to the Egs. (2.15) and (2.16), it is possible to exchange
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AH, Ag and Agg in favor of m%, m% and « as follows:

2 2
my; —my
s = ——2—Lsin 20,
2vvg
2 52 2 62
ma sin® o + M7y cos” o
A = ; , (2.17)
v
A\ m3 cos® a + m? sin? o
S = .

2
v
This leads to the following set of eight independent parameters:

v?”Saaam%7m%amivTH7T87 (218)
in addition, of course, to all other parameters of the Standard Model (quark and lepton
masses, couplings etc.). The tadpoles Ty and Ty are fixed during renormalization in Sec. 4.4.
Moreover, v &~ 246 GeV [Tanl8, p. 161] is the VEV of the Standard-Model-like Higgs boson
and one of the masses m; or my is identified as its mass of 125 GeV [Tanl8, p. 161][Aadl5].
Therefore, only the following four parameters of the DCxSM are truly free in the sense that
their values are yet unknown and would have to be fixed by future experiments:

vy, a, m3 or ms, mi. (2.19)

The Higgs sector potential (2.1) is symmetric under the transformation S — S*. Conse-
quently, the potential in the form of Eqs. (2.7)—(2.11) (that is, after electroweak symmetry
breaking) is symmetric under the transformation x — —y. This Zy symmetry ensures that the
particle represented by the field y cannot decay into other particles: it is stable.? Moreover,
X has a non-zero mass m,. Hence, x represents a stable Dark Matter candidate [Ish18, p. 2].

Since x is a pseudo Goldstone boson, this type of a Dark Matter particle is also called
pseudo Goldstone Dark Matter [Ish18]. In the DCxSM, the Dark Matter candidate x interacts
with particles of the Higgs sector only, which is why the DCxSM is a so-called Higgs-portal
model [Arcl19]. Being introduced as a particle of the weak sector, the DCxSM Dark Matter
candidate x also falls into the category of WIMPs.

2 For the decay of x a vertex with only one external xy would be required, which violets the Zs symmetry.
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Dark Matter Direct Detection

It is assumed that galaxies are generally enveloped by a Dark Matter halo, in which all visible
structures of the galaxy are embedded [Mol0, p. 319][Sch06, pp. 9, 100]. While traveling
around the sun and together with the sun around the center of the milky way, the earth
moves through this Dark Matter halo. Since Dark Matter is only weakly interacting, most
of the Dark Matter goes through the earth without any effect. In order to investigate the
properties of the Dark Matter particles, the rare interactions between them and ordinary
matter have to be observed.

There are three distinctive types of Dark Matter—Standard Model interactions that require
different experimental setups to detect the effect of a Dark Matter particle: Production,
Indirect Detection and Direct Detection. These three different processes are visualized in
Fig. 3.1.

The Production channel can be exploited using particle colliders: The scattering of two
Standard Model particles might produce Dark Matter particles; although they cannot be
directly detected by the particle detectors of the collider, one can infer their existence and
properties from the missing energy—momentum that they carry away. Such searches are
carried out for example at the LHC at CERN. So far, the observations are consistent with the
Standard Model expectations and no production of Dark Matter particles has been observed.
Future runs of the LHC will further increase the sensitivity for the detection of Dark Matter
production [Marl6, p. 9][Bov18, p. 27].

Dark Matter searches making use of the Indirect Detection channel look for Standard Model
particles that have been produced by the annihilation or decay of Dark Matter particles.
Such events happen most probably in dense regions of the universe — like the center of the
Milky Way or our sun — and might for example produce gamma rays that can be detected by

Direct Detection

Production /\C:K Indirect Detection

SM SM

Figure 3.1: Channels for Dark Matter detection. x is the Dark Matter particle and SM stands
for any Standard Model particle (or a nucleus or nucleon that is composed of Standard Model
particles). Diagram inspired by [Marl6, p. 8].
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telescopes like VERITAS [Conl4]. Neutrino detectors like IceCube or Super-Kamiokande are
currently looking for Dark Matter annihilation into neutrinos [Aar13][Chol5].

In this thesis, the channel of Direct Detection is considered. Direct Detection experiments
aim for detecting the rare events when a Dark Matter particle does not go through the
earth without any effect but scatters off a nucleus from the target material of the detector.
The target material can be either solid, like for example the Nal(T1) crystals of the DAMA
experiment [Ber08], or liquid, like the xenon of the XENON100 experiment [Aprl12]. In both
cases, the atoms of the target material are excited by the scattering with a Dark Matter
particle and the subsequent de-excitation causes the emission of light, which is in turn
measured by photomultipliers that are installed around the target material [Marl6]. Some
more details about these experiments as well as their current results are given in Sec. 3.5.

In Sec. 3.1, the kinematics of Direct Detection scattering is examined. After that, in
Secs. 3.2 and 3.3, it is worked out how the measurable detection rate is linked to the
scattering cross section and amplitude. In this work, the formalism of Effective Field Theory
is employed to handle the results standardized way and to incorporate nuclear physics. This
formalism and its application to the computation of the Direct Detection cross section in the
DCxSM is introduced in Sec. 3.4. Finally, Sec. 3.6 provides a short introduction about the
consideration of the relic density.

3.1 Kinematics

The detector material of typical Direct Detection experiments is kept at a low temperature.
For example, the detector material of the XENON100 experiment uses 62 kg of liquid xenon
as a target material that is kept at a temperature of 7' = —91°C [Aprl2]. Therefore, the
target nuclei can be treated at rest initially [Linl9, p. 45].

Since the Dark Matter halo is a gravitationally bound object, the velocity of the Dark
Matter particles can be assumed to be smaller than the escape velocity of the galaxy. In 2006,
the RAVE survey found a likeliest value for this escape velocity of ves. = 544km/s ~2-1073 ¢
[Smi07], implying that a non-relativistic treatment of the Direct Detection kinematics is
justified.

Let p be the initial three-momentum of the Dark Matter particle, p’ its final momentum,
qo = 0 the vanishing initial momentum of the nucleus and qy = p — p’ the momentum
transfer, which equals the final momentum of the nucleus. In this chapter, the letter N will
represent the nucleus and x will be the Dark Matter particle. The generic Feynman diagram
of this process is given by

X \\I: p’/f/ X
) . (3.1)
N /CIO qk‘ N
The initial and final energies of the system are
2 _ 2 2
B-P oA av (3.2)

N 2m,, 2m, 2mpy
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where my is the mass of the nucleus and m, is the mass of the Dark Matter particle. Using
these expressions, it immediately follows from energy conservation E; = Ey that

2UNP AN = My dX (3.3)

where pp is the reduced mass of the nucleus and the Dark Matter particle. If 6 is the angle
between p and qn (note that this is not the scattering angle as it is usually defined), then
p-ay = |p|lan|cosf implies that

jan| = 2unvcos (3.4)

where v = |p|/m,, is the initial velocity of the Dark Matter particle. The recoil energy Eg,
which equals the final kinetic energy of the nucleus in this case, can thus be given by [Lin19,
p. 46]

_lanP _ 2p30?

Er
2mpy my

cos? 0. (3.5)

The larger this recoil energy is, the easier is its detection. The recoil energy depends on
the mass of the target nucleon my and it is therefore an obvious goal to choose a suitable
target that maximizes the recoil energy. The maximum of Er w.r.t. my is easily found
by solving dEg/dmy = 0 for my, the result being my = m,, [Baul9, p. 86]. Hence, under
the assumption that the Dark Matter particle is heavy (like for the well-motivated WIMPs
[Apr12]), heavy target nuclei — such as xenon, which is the heaviest non-radioactive noble
gas — are required to obtain a large recoil energy.

The largest possible recoil energy in a Direct Detection experiment is therefore given by!

6—0 1 2 —6
ER™ = ERlpyom, = MV < 210" m,, (3.6)
where in the last step v < vesc was assumed. This maximum recoil energy corresponds to a
maximum momentum transfer of

lan ™ = myv < 2-107 3 m,, . (3.7)

The momentum transfer is therefore small compared to the Dark Matter mass. The approxi-
mation of setting the momentum transfer to zero is perfectly valid. While the derivations
in the rest of this chapter will be kept general, this approximation will be employed for the
computation of the matrix elements in Chapter 5.

For a given (measured) recoil energy Fpr, the minimum Dark Matter velocity vy, that
can lead to this recoil energy (at @ = 0) is given by [Linl9, p. 46]

my

Er, (3.8)
2“?\7

Umin =

1 In [Baul9, p. 86] the same estimation is done with a slightly different upper bound for v and hence slightly
different results.
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as can be derived from Eq. (3.5).

Note that the possibility of the nucleus being raised to an excited state due to the scattering
or any influence of the electrons of the target atom are usually neglected in Direct Detection
computations. An introductory discussion and further references on these aspects can be
found in [Linl9, p. 47].

3.2 The Detection Rate

In an (ideal) Direct Detection experiment each scattering between a Dark Matter particle and
a target nucleus is detected and the recoil energy of this scattering is measured. This data
corresponds to the physical quantity differential detection rate per recoil energy dR/dER.

On the theory side, the detection rate R of a scattering experiment with incoming scatter
particles x scattering and target particles N is given by [Prol7, p. 83]

R =Ny jxon, (3.9)

where Ny is the total number of target particles, j, is the particle flux (the rate of incoming
Dark Matter particles per area) and oy is the scattering cross section. The particle flux can
be given as particle number density n, times their velocity v, that is j, = n,v. The velocity
of the Dark Matter particles is described by some velocity distribution f(v). For Direct
Detection, one is interested in the distribution f(v) in the reference frame of the detector.
Thus, also effects like the velocity modulation due to the rotation of the earth around the sun
or the movement of the sun in the milky way should be taken into account upon proposing
some specific form for f(v) [Linl9, p. 55].

Whatever the specific form of f(v) may be, one needs to take the average over v to find
the total detection rate R. Since o generally also depends on the velocity of the incoming
particles, it needs to be included in this average [Prol7, p. 83]:

R = Nnyny (von) = Nyn,y / Bvvonf(v). (3.10)

V>Umin

The integral has a lower bound because velocities smaller than vy, are kinematically excluded,
as it was derived in the end of Sec. 3.1. In principle, the integral does not have an upper
bound, but effectively there will be some upper integration bound for the fact that f(v)
vanishes for velocities that correspond to velocities larger than ves. in the reference frame of
the milky way.

In practice, one is usually more interested in the differential detection rate per recoil energy
per total target mass. Let us therefore define the detection rate per target mass R := R/M.
The quantity of interest will then be [Marl6, p. 11]

dR 1 dR Py <daN>

- VdER

= — = 3.11
dER MdER mymy ( )

where my = M /Ny is the mass of a single target nucleus and p, = n,m, is the (local) Dark
Matter mass density. The value for p, needs to be taken from cosmological measurements
(for details see Sec. 3.6). The present work only deals with the particle physics content of this
detection rate, namely the cross section oy. In Sec. 3.3, the cross section will be related to
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an amplitude M, which directly corresponds to Feynman diagrams and therefore represents
the fundamental interactions between the participating particles. The computation of this
amplitude will then be performed in the subsequent chapters.

3.3 The Cross Section

The differential cross section for 2 — 2 scattering with the associated four-momenta p, gg —
p’, qn of the external particles is given by [Pes95, p. 106][Sch14, p. 61]

- | MNP d3p/ d3 qN
4B\ Eyn|v —un| (2m)32E; (2m)32E),

don C(2m)* W (p+q0 — P — an), (3.12)

where My is the corresponding scattering amplitude. For the case of Direct Detection
scattering, I/, and En are the initial energies of the Dark Matter particle and the nucleon,
respectively, and E;( and E); are their final energies. In the non-relativistic limit, these
energies can be approximated by the corresponding masses. The momenta p, qo, p’ and gy
are the four-momenta corresponding to the three-momenta from (3.1).2 Since the nucleus
is at rest, one can also set vy ~ 0. Using the abbreviation My = My /(4mymy) and
spherical coordinates for the integration over quy, Eq. (3.12) can be brought into the following
form [Linl9, p. 52J:

M2
don = ’27:)‘ @*p' (lan|? deos 0 d|qy]|) sDp+q0—p —qn)
MNP 2 3) /
—de(IQN‘dCOSHdIQN‘ )5(Ei—Ef)5 (p+p —awn) ( )
- 3.13
M 2
= T jq deost dlanl?) o(8 — )
_ MNP 2
= imw (decos O d|qn|*) 6(cosd — |an|/(2unv))-

The implicit integral over the polar angle was already evaluated in the first step. In the last
step, it was used that

E; — By = vlqy| <cos9 - |‘1N|) (3.14)

as well as d(ax) = a=16(z).

2 Note that here, in contrast to Sec. 3.1, all energies are not only the kinetic energies but the total relativistic
energies that include the rest energy. The four-momentum of the incoming nucleon is go = (mun, 0) in the
approximation of the nucleon being at rest initially.



12 Chapter 3 Dark Matter Direct Detection

The total cross section is now easily obtained by integration [Linl9, p. 52]:

B ’MNP 1 00 )
ON = 5 dcos 6 dlan|* 0(cos b — |an|/(2unv))

47T’U -1 0
’MN‘Q /OO 2

= d 0(2unv — (3.15)
Iz, lan|”0(2unv — |an|)
2

= BN V2.
™

Note that the integration interval of the dcos 6 integral restricts the integration interval of the
d|qy|? integral to the kinetmatically allowed values of |qy| according to Eq. (3.4). In Sec. 3.1
it was shown that this interval is much smaller than the scale of the scattering process. Hence,
it can be assumed that the amplitude My is approximately constant within the integration
range — more specifically, the momentum transfer can be set to zero in the amplitude M y.
Furthermore, this justifies that My was pulled out of the integral in Eq. (3.15).

For the differential detection rate (3.11), the derivative doy/dER is required. Using
dlan|?/dER = 2my, which follows from Eq. (3.5), this derivative is easily obtained from
Eq. (3.13):

do m ~
ﬁ = ﬁIMP dcos 6 6(cos 0 — |an|/(2unv))
m ~
= 55 IM62uvv — lax) (3.16)
MNON
= O(v — Umin) -
20213,

In the last step, the amplitude was replaced by the cross section using Eq. (3.15). vpin has
been given in Eq. (3.8). This result can now be plugged into the formula for the differential
detection rate, Eq. (3.11). Note that the lower limit for the velocity as dictated by the
heaviside 6 function in Eq. (3.16) has already been implemented in the definition of the
velocity average in Eq. (3.10).

So far, the specific interactions that lead to the interaction of the Dark Matter particle
with the nucleon have been treated as a black box on the level of the nucleon. That black
box was called “amplitude M 7 or alternatively “cross section on”. It is desirable, however,
to rather work on the level of nucleons n instead of nuclei N because the results will then be
independent of the used target material. Interestingly, the whole derivation of this section
works exactly in the same way also for the scattering between Dark Matter and a nucleon
instead of a nucleus. Simply replace all N by n. One can therefore conclude that Eq. (3.15)
can be translated directly to the level of nucleon scattering [Lin19, p. 52]:

2
o, = %\Mny{ (3.17)

where p,, is the reduced mass of the Dark Matter particle and the nucleon. Further steps on
how the amplitude M,, is computed are provided in Sec. 3.4. The remainder of the current
section is dedicated to the question of how oy is related to o,.
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An effective Lagrangian for the scattering of two Dark Matter particles x and a nucleon n
and its antinucleon n looks like

Lef = anX’in, (3.18)
where n is the nucleon spinor field and

0L
- Ox20non

is the effective coupling. The amplitude M,, that follows from a Lagrangian (3.18) for the
scattering of the Dark Matter particle and the nucleon is

X X

-

@ = IiM, = iaptnty, =1 - 2muap, , (3.20)

n n

where it was used that the spinors of the nucleon %, and u, depend on the same momentum
due to the limit of vanishing momentum transfer and hence u,u, can simply be replaced by
its normalization 2m,. By analogy, let the effective coupling of the nucleus scattering be
related to the nucleus amplitude as My = 2myay.

For spin-independent scattering, the couplings to the nucleon «,, and to the nucleus ay
can be related by a form factor F'(q) as ay = Ay, a, F(q) and hence the amplitudes obey
My = Ay M, F(q), where A, is the number of nucleons of type n in the nucleus. If one
distinguishes between protons and neutrons, a sum over n € {proton, neutron} is implied.
Using Eq. (3.15), one arrives at [Stel6, p. 28]

2
oN = M7N|ZMproton + (A = Z) Mucutron*[F (), (3.21)

where Z = Aproton is the number of protons and A — Z = Aycutron the number of neutrons in
the nucleus.® The approximation Myeutron & Moroton yields with Eq. (3.17)

2
on = N A2, |F(g)? (3.22)

n

for either n = proton or n = neutron. In the limit of small momentum transfer, the
approximation F'(¢ = 0) =~ 1 is valid [Stel6, p. 28].
In terms of the effective coupling a,, the nucleon cross section from Eq. (3.17) reads

1 My, 2 9
on — ) |an|”. (3.23)

:E My + My,

In order to give a result that is independent of detector properties (like the isotope of the

3 The spin-dependent pendant to Eq. (3.21) is given in [Stel6, p. 29].
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target nucleus), only results for the nucleon cross section o, are given in this thesis. Using
Egs. (3.11), (3.16) and (3.22), it is straightforward to obtain the corresponding differential
detection rate dR/dFER for specific experimental setups and assumptions for cosmological
quantities.

3.4 The Nucleon Cross Section in Effective Field Theory

Microscopically, when Dark Matter particles scatter off nucleons, they scatter off quarks or
gluons, since those are the elementary constituents. The mechanism of QFT is foremost
applicable to the computation of interactions of elementary particles. In this section, the
connection between the nucleon cross section o,, and amplitudes of scattering processes of
elementary particles, which can be computed by QFT is presented.

For the purpose of a standardized handling of results and the incorporation of nuclear
physics, the formalism of Effective Field Theory (EFT) will be employed in this work. The
following lines give a one-paragraph introduction to how the computational results of Direct
Detection are matched to and stored in an effective Lagrangian.?

Effectively, the scattering of a Dark Matter particle x and a quark ¢ can be described
by an interaction term C'x2gq in an effective Lagrangian, where C' is some constant, called
Wilson Coefficient. This term describes a x?gq vertex that comes with the Feynman rule’

/\(\ = 2iC'. (3.25)

Then, matching the full process of the scattering x, ¢ — X, g to the corresponding term in
the effective Lagrangian requires that the amplitude is computed twice: Once simply with
the effective vertex (which is trivial; the result is simply 2iC') and once within the actual
model, DCxSM in this thesis (which is not trivial, since loop corrections occur). By equating
both results, C can be extracted. Thereby, the previously unknown parameter of the effective
Lagrangian has been found explicitly and the EFT is set up.

The explicit computation of the diagrams and hence the computation of C' is done in the
subsequent chapters. In the remainder of the present chapter, C' is is assumed to be known
and it is investigated how the nucleon cross section o, is constructed from C'

In practice, a few complications arise in the picture of the EFT that has been drawn
in the paragraph above. To beginn with, not only the coupling of the Dark Matter to
quarks is relevant, but also the one to gluons. Thus, a term like Cx2gq will not be the only
one that appears in the effective Lagrangian, but there will also be a term proportional to
XQGZVG“W, where G}, is the field-strength tensor of the gluon. And secondly, the amplitude

4 For a detailed introduction see [Stel6, p. 173] and the references therein.
5 The vertex factor of an interaction term is given by i times the derivative of the interaction term with
respect to all (in this case four) external fields:

4

. 2- .
23X2(91§8qcx qq = 2iC. (3.24)
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that is computed from the actual DCxSM might (and will) depend on external momenta.
Since Lagrangians never explicitly depend on momenta, C' cannot be momentum dependent
either. However, Lagrangians can depend on derivatives of fields which will effectively turn
into momenta for Feynman rules. Hence, yet more terms have to be added to the effective
Lagrangian.

For this work, the following effective Lagrangian is sufficient to describe all the possible
diagrams that will be encountered in the DCxSM Direct Detection spin-independent scattering
process [Ish18, p. 5]:6

Leg=) CLOL+CL0% + ) CLOT, (3.26)
q q
where
0% =mex*qq (3.27)
«
Of = X*GLam 3.28
q 1 NPy 1. 1
Of = —5xi0"i0" x 5iq | Ou v + Oy — 59 ) - (3.29)
my 2 2
—01,

Here, v, is the Dirac gamma matrix and g, the metric tensor. The index S denotes scalar
contributions and the index T stands for twist contributions. O}, is the twist-2 operator
[Ert19, p. 5][Sch14, p. 692].

By differentiating the individual terms of Leg twice w.r.t. x and dropping the fields of the
nucleon particles (i.e. quarks and gluons), the Wilson coefficients C’g’g can be related to the

” : : : a,9.
“x part” of the corresponding effective couplings ag”:
Ciol = CgquQ(jq = ol =2CTm,, (3.30)
« 2c
Cl0% = cgfxmgyaw = ag=C§—. (3.31)

If the current state of the nucleon is denoted as a ket |n), then (n|gg|n) can be interpreted
as the probability to find a quark ¢ in a nucleon n [Stel6, p. 29]. The effective coupling to the
nucleon «, receives contributions from the coupling to the quark a% and from the coupling
to the gluon ag. These contributions are given by

an O (n|gq|n) af = 2m, {7 C§, (3.32)
16m,
9

an D (n|Gy, G |n) af = — fyC%, (3.33)

6 In general also a twist term for the gluons exists (see [Ish18, p. 5]), but for the computation in this work it
does not contribute.
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where [Ert19, p. 29]

mnfy = (n|mgqqin) (3.34)

2m [0
n orn ., S a apy
o7 fg = <n ‘ 12 GWG n> (3.35)

f¢ and fg are numerical form factors that are obtained from lattice QCD simulations [His17,
p. 10]. In this work, their values were taken from [Ert19, p. 30] and are given in Sec. 6.1.
Finally, consider the twist term of the effective Lagrangian (3.26). The contributions to a,
in Egs. (3.32) and (3.33) were written as the coupling prefactor of the effective Lagrangian
times the matrix element of the quark and gluon part, respectively. For the twist contribution,

this implies [Ert19, p. 29]

9
an D CL—p"p" (n|O%,|n)
my

e (o (k- o) @+ ') (3.30)
~ S (6"(2) +"(2)) O

where p is the four-momentum of the Dark Matter particle, P is the four-momentum of the
nucleon and hence p - P ~ m,m, in the non-relativistic approximation. ¢"(2) and ¢"(2) are
the second moments of a quark g or an antiquark g, respectively. Just like f¢ and f¢' they
are numerical factors, whose values were taken from [Ert19, p. 30] in this work.

After adding up all these contributions to a,, and plugging them into Eq. (3.23), the final
result is [Ish18, p. 6]

1 My, 2 n 8 n 3 n -n
Un:ﬂ() S mafiCh— gmafiC+ T Y @)+ T'(2)CH

q=u,d,s q=u,d,s,c,b

(3.37)

The major contribution to this cross section comes from the light quarks ¢ = u,d,s. The
leading-order interaction between two gluons and two Dark Matter particles is mediated by a
Higgs boson and a quark loop (see (5.13)). Since the masses of the heavy quarks @ = ¢, ¢,b
are larger than the relevant mass scale of Direct Detection, they need to be integrated out
(see Sec. 5.3.1). In the contribution from the twist-2 operator, that is in the last term of
the absolute square in Eq. (3.37), all quarks below an energy scale of ~ 1 GeV have to be
included, i.e. all quarks but the top quark [Glal9, pp. 9-10].

3.5 Current Limits of Direct Detection Experiments

Until today, none of the experiments aiming for the detection of Dark Matter has produced
evidence for the existence of a Dark Matter particle [Liul7, p. 1]. However, not finding a
detection signal in a given experimental constellation excludes certain regions of parameter
spaces.
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Figure 3.2: Limits of liquid xenon based Direct Detection Experiments. The parameter space
above the solid and dashed lines is excluded by the corresponding experiments. The dashed line
shows the prospective limit of the XENON10T experiment. The gray region on the bottom of
the diagram is the neutrino floor, below which a signal could not be assigned to the influence of
Dark Matter any more due to the background from neutrino—xenon scattering. Data taken from
[Tanl6, p. 6][Akel7, p. 6][Ang08, p. 4][Aprl6, p. 10][Aprl8, p. 7][Morl9, p. 8|[Bill4, p. 13], using
the tool [Des13].

The first experiment that produced an exclusion limit in the Dark Matter mass—cross section
space was carried out in 1986 [Berl8a, p. 64][AhI87]. Since then, many more experiments
with increasing sensitivity have been designed. Currently the experiments with the highest
sensitivity are based on liquid xenon detectors. Especially the LUX experiment in South
Dakota, USA [Akel7, p. 6], the PANDAX experiment in Sichuan, China [Tanl6, p. 6], and
the XENON experiments in Abruzzo, Italy [Apr12], have further and further increased the
sensitivity of Direct Detection.

The most obvious way to increase the sensitivity of a Direct Detection experiment is to
increase the target mass. In this way, the XENON collaboration started off with XENON10
and a target mass of 15kg in 2006-2007 [Ang08], went on with XENON100 and a target
mass of 62kg in 2010-2014 [Aprl6] and arrived at XENON1T with a target mass of 2t in
2016-2017. With the XENON1T experiment, the detection limit for the cross section has
come down to 5 x 10747 ¢cm? for a Dark Matter mass of 50 GeV [Aprl8]. Since no signal has
been detected, the parameter space of higher cross sections can be excluded. The solid lines
in Fig. 3.2 show the exclusion limits of several xenon based Direct Detection experiments.
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They can be deduced from the measured differential detection rate using Eq. (3.11) [Mar16,
p. 27].

Currently, the next-generation XENON10T experiment is constructed in Italy. It is expected
to lower the limit of the cross section by another order of magnitude [Morl9, p. 8]. Its
prospective limit is plotted as a dashed line in Fig. 3.2.

At even smaller cross sections (for example 1074 cm? at 50 GeV), a given signal could also
stem from the scattering between a neutrino and a target nucleus. Therefore, it would be
practically impossible to detect a Dark Matter particle using the Direct Detection channel if
its cross section lies within the gray neutrino background region (also called the neutrino
floor) in Fig. 3.2 [Bill4].

3.6 The Relic Abundance

The relic abundance of Dark Matter (2h2)py; is a measure for the density of Dark Matter in
the universe. It is defined as the absolute Dark Matter density ppnm divided by the critical
density p. times the squared dimensionless Hubble parameter h:

(QR2)p = PPM 2 (3.38)
Pe
This relic density of the total amount of Dark Matter is measured by the Planck Collaboration,
yielding a value of [Adel6, p. 32]

(Qh?)py = 0.1186 + 0.002. (3.39)

The relic abundance (2h?), for a specific Dark Matter candidate can be determined in
the standard freeze-out framework, for which the program library MICROMEGAS [Bél18] is
used to calculate the predicted relic abundance for a specific model set-up. If the predicted
relic density (Q2h?),, is smaller than the observed relic density (Q2h?)pwm, the candidate x may
make up for only a portion of the total Dark Matter in the universe. Thus, the local mass
density p, of the Dark Matter candidate x is given by

— Px (Qn?),
Px = PDM DM ~ PDM (QhQ)

: (3.40)
DM

where ppy is the local mass density of all Dark Matter. A value of ppy &~ 0.4 GeV /cm?
complies with many recent measurements [Real4, p. 44].

Since experimental limits on Dark Matter—nucleon scattering (such as those in Fig. 3.2)
are derived assuming that the Dark Matter candidate is responsible for all the Dark Matter
abundance in the universe, it is the effective cross section [Glal9, p. 18]

Qh?
o= fiyon,  where  fy, = ) (3.41)

(Qh2)pym

that can directly be compared with these limits.



CHAPTER 4

Renormalization of the DCxSM

In this work, higher-order electroweak corrections to the Direct Detection process in the
DCxSM are computed. When turned into analytical expressions, the Feynman diagrams of
higher-order corrections contain integrals that typically diverge. However, it can be shown
that if all diagrams that describe a given physical process up to a given order in perturbation
theory are taken into account, these divergences always cancel in measurable observables
[Pes95, p. 176]. In order to handle these divergences and to systematically organize their
cancellations, it is crucial to apply the machinery of renormalization.

This chapter presents how renormalization is applied to the next-to-leading-order (NLO)
corrections of the Direct Detection process in the DCxSM. In Sec. 4.1, the basic procedure
of renormalization is introduced for a simple toy model, the ¢* theory. The subsequent
sections introduce the various generalizations and adjustments of this basic procedure that
are required to renormalize the DCxSM Direct Detection process.

The tree-level diagram of Direct Detection in the DCxSM is shown in Fig. 4.1a. The
higher-order corrections to this process that require renormalization can be classified into
three categories: Corrections to the Higgs propagator, corrections to the Dark Matter—Higgs
vertex x2h; as well as corrections to the quark-Higgs vertex gqh;, as shown in Fig. 4.1b.

There are diagrams that contribute to the DCxSM Direct Detection but fall into neither of
these three categories: Box diagrams, which are finite and do not require renormalization, and
diagrams with external gluons, which can be related to corresponding diagrams with external
quarks and therefore do not require additional renormalization procedures. An overview over
all diagrams that contribute to DCxSM Direct Detection as well as the treatment of Box
diagrams and diagrams with external gluons is given in Chapter 5.

As it will be worked out in Sec. 4.1, during renormalization, all parameters of the theory
are split up into renormalized parameters and counterterms. The counterterms give rise to a
counterterm diagram for each of the corrections in Fig. 4.1b. They are presented in Fig. 4.2.
The goal of the current chapter is to compute these counterterm diagrams.

The renormalization of the Higgs propagator is presented in Sec. 4.3. In order to compute

a) X”*T”*X b) Xéx X”Q*'X X”*T*”X
hi ‘ |
q——q ———q ¢———0q ¢~ )—1q
Figure 4.1: The tree-level diagram of Direct Detection in the DCxSM (a) as well as the three
types of higher-order corrections that require renormalization (b): Propagator corrections and

corrections to each of the two vertices of the tree-level diagram. The mediator is in any case a
Higgs boson, either hy or hs.

19
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h;
hi--&-hj X--®&- X 4 —®—1
hi

Figure 4.2: For each of the types of higher-order corrections in Fig. 4.1b, a counterterm is
required for its systematic renormalization.

the corresponding counterterm, also the renormalization of the tadpoles, which is worked out
in Sec. 4.4, has to be taken into account.

In order to renormalize the Dark Matter—Higgs vertices, the renormalization of the Higgs
mixing angle « is required, which is developed in Sec. 4.5. Additionally, the field-strength
renormalization of the Dark Matter field x is needed, which is derived in Sec. 4.6. Using
these ingredients, the vertex counterterms are then computed in Sec. 4.7.

The renormalization of the quark—Higgs vertices depends on the renormalization of the
fermion propagator presented in Sec. 4.8 and on the renormalization of the gauge sector given
in Sec. 4.9. The counterterm for the quark—Higgs vertex is given in Sec. 4.10.

Finally, an overview over all results that are relevant for the subsequent chapters — especially
the explicit expressions for the diagrams in Fig. 4.2 — is given in Sec. 4.11.

4.1 Principles of Regularization and Renormalization

Before considering the renormalization of the DCxSM, let us recall the principles of regu-
larization and renormalization for the simplest possible example: The toy model called ¢*
theory. The Lagrangian of the ¢* theory with a real scalar field ¢y and parameters mg and
Ao reads [Pes95, p. 77]

2

£ = (000 ~ 03— 2. (11)

In order to handle the divergences that come with loop integrals they are first isolated using

a new parameter, which is referred to as the requlator. This reqularization is presented in

Sec. 4.1.1. The cancellation of the divergences in results for observables is then equivalent to

the cancellation of all regulators. The procedure of systematically and consistently canceling
all divergences is called renormalization and introduced in Sec. 4.1.2.

4.1.1 Regularization
As an example for a divergent loop diagram in the ¢* theory consider [Pes95, p. 328]

Q:_?/ﬁlm_ (4.2)

Performing a Wick rotation by substituting k° — ikOE and k — kg turns the Minkowski
space four-vectors k* into vectors of Euclidean space kg = (k%,kg) (that is they obey
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k% = Z?:o ki). Then, the integral can be evaluated in spherical coordinates,

g 2 :_i)\‘i/d‘lkE i __47m‘/\/°° dkp K} (43)
0

2 2m)t —kZ —mZ 2 (2m)* k% +md -

This integral is diverging at the upper integration bound as the integrand is proportional to
kg for large kg (a divergence at the upper bound is called wltraviolet (UV) divergence).

In order to still evaluate such divergent integrals, they need to be regularized. This can be
done by imposing a cutoff parameter A to the upper integration bound as a regulator and
implying the limit A — oo,

O wpan i m (o e
2 Jo @m)*kL+md (2m)4 m2
By taking the implied limit A — oo, the divergence of the integral becomes explicit. If this
regularization procedure is applied consistently to all divergent integrals that contribute to
an observable, the regulator A will always cancel leaving the measurable result finite [Pol84].
Regularizing divergent integrals with a cutoff parameter comes with the drawback that
symmetries of the theory are broken for finite values of A. Therefore, the method of
dimensional reqularization is more commonly used as it preserves all symmetries of the theory
for any value of the regulator. In dimensional regularization no upper cutoff is introduced
but the integral is evaluated in a general number of d instead of 4 dimensions. Thereby, d
serves as the regulator and the implied limit is d — 4 [Bol72]. Evaluating the integral in
Eq. (4.2) in d dimensions yields [Pes95, p. 328]

i\ [ dk j i1 1 2
Q:J v v <4_d+1—7+0(4—d)>,(4.5)

2 ) @2m)dk2—m3 2 (4m)4/2 ma~¢

where v & 0.577 is the Euler—Mascheroni constant. Again, the divergence becomes explicit in
the limit d — 4. In this work, the dimensional regularization method is used exclusively.

4.1.2 Renormalization

After all loop integrals have been regulated, renormalization provides the systematic cancella-
tion of the regulators and hence the divergences.

Let i¥X(p?) be the sum of all one-particle irreducible (1PI) diagrams with two external legs,
that is the sum of all self-energy diagrams that cannot be separated into two parts by cutting
through a single line. In the ¢* theory, this sum is given by [Pes95, p. 328]

iE(p2)::: O + O + ON). (4.6)

Note that due to the divergent momentum integrals from the loops, ¥(p?) is an infinite
quantity.
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The full propagator of a scalar field, including all possible forms of its self-interactions, is
then given by [Pes95, p. 328]

G(p*) :=+++~. -

1

TP mi ()

It is known from the Kdllén—Lehmann spectral decomposition [Pes95, pp. 215, 324] that

—iG(p?) has a pole with residue Z at the physical mass m?:

A
—iG(p? o E— f 2 2, 4.8
7 (p)—>p2_m2 or p°—=m (4.8)

Here, Z is the field-strength renormalization constant and m is the measurable mass of a
particle [Pes95, p. 214].
In the vicinity of this pole, the denominator of G(p?) of Eq. (4.7) has the form

9% (p?)
Op?

p2=m2

iG_l(pQ) =m?Z_ mg + E(m2) + (1 + ) (p2 — m2) +0 ((p2 - m2)2) . (4.9)
Comparing this expression with Eq. (4.8) reveals that [Pes95, p. 229]

m? —m3 +%(m?) =0, Z7l=1+

(4.10)

Hence, taking higher-order corrections into account, the physical mass m obviously differs
from the mass parameter mg in the Lagrangian, which is referred to as the bare mass [Pes95,
p. 214]. By a similar procedure, a physical coupling constant A is introduced that differs
from the bare coupling constant Ao (see [Schl4, p. 304]).

After computing the amplitude for a given process of the Lagrangian of ¢* theory (4.1)
in terms of the bare parameters mg and Ao, these bare parameters can be replaced by their
physical counterparts m and A\ by Eq. (4.10) and an analog equation for Ay and the resulting
expression of the amplitude will be finite [Pes95, p. 323]. While this procedure always works,
there is a more systematic approach for consistently canceling all infinities. It is based on
constructing the renormalized Lagrangian from the bare Lagrangian in Eq. (4.1).

For that purpose, the renormalized field ¢ is introduced as

¢ =272 gy (4.11)

and all free bare parameters as well as the field-strength renormalization constant are split
into renormalized parameters and counterterms:

mé =m% + om?, Mo = Ar + 6\, Z=1+6Z. (4.12)

While the renormalized parameters m2R and \p are finite, the counterterms dm?2, §\ and 67
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and hence also the bare parameters are infinite. In general, the value of mpg can differ from
the physical mass m and depends on the renormalization scheme that is used. Equivalently,
by Eq. (4.12), the choice of a certain renormalization scheme also fixes the finite parts of the
counterterms.

The renormalized Lagrangian is constructed from the bare Lagrangian (4.1) by renormalizing
the field according to Eq. (4.11) and expressing the bare parameters by their renormalized
counterparts and the counterterms using Eq. (4.12):

1 m2 A
— Z7(M)2 — 0 g2 20
“ 2 (9°¢) 2 ¢ 4!

1 m2 A
_ tiapsn2 MR 2 AR 4
5(0"9) = TRg? — Sy

Z2 ¢ (4.13)

(4.14)
- %62(8’%)2 — % (mKIZ + 6m?) ¢* — % (2AR6Z + 0)) ¢*.

Since the counterterms are of order Ao = Ar + O(A?) or higher,! all terms in the second
line of Eq. (4.14) can be treated perturbatively, assuming that the coupling constant Ap is
small. Diagrammatically, they are given as a counterterm propagator and a counterterm
vertex, respectively, which give rise to the Feynman rules

—®@— = i(p*0Z — m%6Z — sm?), (4.15)

= —i(2ARSZ + 6)). (4.16)

The 1PI function f](pQ) of the scalar propagator in the renormalized theory not only
contains loop diagrams but also counterterms and is given by

iS(p?) = Q + —R—+ 0\ (4.17)
=iX(p?) +i6Z (p* — m%) — idm?® + O(\?).

By the analog derivation, the full propagator of the renormalized theory has the same form
as the full propagator of the bare theory in Eq. (4.7), but with mg replaced by mp and X(p?)
replaced by 3 (p?),

~ 7
G(p?) = - .
v") p? — m2R + X(p?)

(4.18)

1 For the on-shell renormalization scheme, where mgr = m, this follows for ém and 6Z by comparing
Eq. (4.12) with Eq. (4.10).
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Plugging in Eq. (4.17) on finds for the denominator of G(p?)

—iG7 (p?) = Z (p* — m%) + Z(p?) — dm + O(\?)
= Z (p* —mg +3(p?)) + O(N?) (4.19)
= —iZG™H(p*) + O(N?),
where Eq. (4.12) was used. Hence, the factor Z in the Kéllén—Lehmann spectral decomposi-

tion (4.8) drops out in the equivalent condition for the renormalized full propagator G (p?)
[Pes95, p. 324], for which holds

. 1
—iG(p?) » ———— f 2 5 m?. 4.20
iG(p7) o v piom (4.20)

For the propagator é(p2) in Eq. (4.18) to comply with Eq. (4.20), the renormalization

conditions

o3 (p?)
Op?

ReX(m?) =m% —m?,  Re =0. (4.21)

p2=m2

need to be employed [Sch14, p. 332]. The real parts in these equations are required for the
case where the energy threshold for the loop particles going on-shell has been exceeded, since
¥(p?) and hence also 2(]92) will then acquire an imaginary part [Pes95, p. 214][Ser19, p. 27].
As stated before, the renormalization scheme determines the finite parts of the counterterms.
For example, in the minimal subtraction (MS) renormalization scheme the counterterms are
chosen in such a way that they contain exactly the infinite terms that cancel the infinites of
Y(p?) in Eq. (4.17) but do not contain any finite parts. In this case, the first renormalization
condition in Eq. (4.21) is required to relate the renormalized mass mp to the physical
mass m [Schl4, p. 336]. In the on-shell renormalization scheme, the renormalized mass
mp is identified with the physical mass m, i.e. mpr = m, such that the renormalization
conditions (4.21) fix the counterterms using Eq. (4.17) as follows [Sch14, p. 332]:

% (p?)

sm? =ReX(m?) + O\,  6Z= —Re 0

+0(\?), (4.22)

p2=m?2

assuming the counterterms have no imaginary part. Also in the on-shell renormalization
scheme, the infinite parts of the counterterms cancel the infinities of the loop diagram in
Eq. (4.17) and thereby rendering 3(p?) finite.

All subsequent derivations in this work will be performed in the on-shell renormalization
scheme.
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4.2 Overview over all Parameters and Fields to be Renormalized

For Direct Detection in the DCxSM, the parameters that need to be renormalized are the

following:
Hi ] 2 _ .2 2
iggs masses: miy = m; +om;,
Tadpoles: Tyo =Ty + 6T,
Tso =Ts + 015,
Higgs mixing angle: g = a+da,
DM mass: mio = mi + 6mi J
Quark mass: mgo = Mg + dmg,
W boson mass: m%vo = m%y + 5m12/V )
Z boson mass: ’m220 = m2Z + 5m22 )
Weak coupling: go =g+ g,
Elementary charge: ep=€e—0Z.e/2,

Moreover, the following fields have to be renormalized:

1
Higgs boson: hio = <5ij + 26Zi]-> hj,
. 1
DM particle: X0 = <1 + 25ZX> X,
1
Quarks: ¢t = <1 + zéZR’L> gt
1
Gauge bosons: VH = (1 + 25Zab> v,

see Sec

see Sec.

see Sec.

see Sec.

see Sec. 4.3-4.4,
see Sec. 4.4,
see Sec. 4.4,
see Sec. 4.5,
see Sec. 4.6,
see Sec. 4.8,
see Sec. 4.9,
see Sec. 4.9,
see Sec. 4.9,

see Sec. 4.9.

4.3, 4.4,

46,

48,

4.9.

Here, 7,7 = 1,2 is the index of the Higgs bosons, R and L mark right- and left-handed fermion
fields and «a, b indicate the mass eigenstates of the gauge fields.

4.3 Higgs Self-Energy

It is known from Chapter 2 that the DCxSM contains two types of Higgs particles, whose
mass-eigenstates are described by the bare fields hig and hsg. They arise from a mixing
of the gauge eigenstates that are described by the bare fields ¢yg and ¢gy as described in
Eq. (2.14).2 The renormalization of those fields is more subtle than the renormalization
procedure for a single scalar field that was presented in Sec. 4.1. This is due to the fact that
an hjo particle can be turned into an hgg particle only by “self-interaction” (and vice versa).

2 Technically, all fields and parameters in Chapter 2 are bare. Since distinguishing between bare and
renormalized fields and parameters is critical solely in the current chapter, only now bare quantities are

labeled explicitly by an index 0.
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In other words, the diagrams

izlg(pQ) = th hgo and i221(p2) = hgo th (4.23)

exist and are non-vanishing. Consequently, the field-strength renormalization constant Z as
well as its counterterm 67 are promoted to 2 x 2 matrices that link the bare fields hiy and
hoo with the renormalized fields hy and hg as follows [Kral6, p. 26]:

(o) =7 (32) = (1 307) (1) (.24

In analogy to Eq. (4.19), the inverse of the renormalized propagator G (p?) is given by>

G0 = VZ' (02 - ME+ 20 VZ (125)
=p* = M>+3(p%).

Here, M? is the diagonal mass matrix that has been introduced in Eq. (2.14) and M¢ is the

corresponding bare mass matrix with the bare masses m%o and m%o as diagonal elements.

Evidently, also the propagator as well as ¥(p?) and ¥(p?) are matrices. Due to the symmetry

of the diagrams in Eq. (4.23), these matrices are symmetric, i.e. 312(p?) = Lo1(p?).
Expanding Mg and Z in the first line of Eq. (4.25) in terms of their counterterms and

comparing this expansion with its second line leads to

. 1 1
S(°) = S0°) — 6M° + 562F (0 — MP) + 5 (0° — M?) 67, (4.26)

Here, §M? is a diagonal matrix whose diagonal elements are the mass counterterms dm? and
dm3, respectively, such that Mg = M? +6M?2.

In the ¢* theory of Sec. 4.1, the renormalization conditions of Eq. (4.21) where chosen
in such a way that the physical mass was the real part of the pole of the renormalized
full propagator G(p?) and the residue of —iG(p?) was 1. Similarly, the diagonal elements
of —i times the Higgs doublet propagator G(pQ) should also have poles with residue 1 at
the physical masses m% and m%, respectively, in order to comply with the Kéallén—Lehmann
spectral decomposition. For the off-diagonal elements, a new condition is imposed that
simply requires them to vanish for both p?> — m? and p* — m3. Explicitly, the renormalized

3 For the moment, let us neglect the matrix 7 from Eq. (2.12), such that M§ and M? rather than M3, and
M2 are actually the diagonal mass matrices for the fields hy and ha. Sec. 4.4 will be dedicated to handle
the matrix 7.
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propagator should obey [Aok82, p. 57]

2 _ ;21
(p (’;nl) c 7 for p2 N m% ,
1

—ReiG(p?) = . . (4.27)
2

, for p2 — m%,
0 (p*—m3)*

where C; is some non-zero constant. For the inverse propagator, this implies

2 2
— 0
b Oml o1 for p? — m%,
ReiG~ 1 (p?) = ! 4.28
=10 (4.29

5 N for p> — m3.
0 p*—ms

In order to impose this behavior on the renormalized propagator, it is sufficient to employ
the following renormalization conditions:

Re iéi_jl(pz) o = ; 0, for i # 7, (4.29)
2
ReiGy;' (p? - ~ Re 3 (m ) (p* —m?) ;pz—m?.
p2—m? P
(4.30)

Here, Eq. (4.25) was used; in Eq. (4.30) a Taylor expansion at p?> = m? was applied. It is

straightforward to translate the renormalization conditions on the inverse propagator (4.29)
and (4.30) to conditions on the renormalized 1PI function i%(p?). Explicitly, it is required
that

ReSii(m?) =0, ReSia(m3) =0, ReSy(m?) =0, (4.31)

ReSo(m2) =0, ReSp(md) =0, ReSy(md) =0, (4.32)
9311 (p?) ! 0%22(p?) !

Re p? =0, Re 02 =0. (4.33)

These conditions can now be employed to fix the counterterms 6M? and 6Z. For this
purpose, consider the explicit form of the matrix ¥(p?). Assuming Z is a real matrix* it is

4 At NLO, this assumption is sufficient [Kral6, p. 27].
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found from Eq. (4.26) that

S(p?) = S(p?) — 5M* (4.34)
n 1 ( 2(p* —m3)dZn (p* —m3)6Za1 + (p* — m%)(;le)
2 (p2 - m%)&Zu + (p2 - m%)&Zm 2(p2 — m%)5Z22 ’

Hence, the conditions (4.31)—(4.33) imply

SME = Re X1 (m?), S M3, = Re Xop(m3),
2 ) 2 2 2 2
5Z12 = 7m% _ m% Re ((5M21 — 221(m2)) s (5Z21 = 7m% — m% Re ((5M12 — 212(m1)) s
ox 2 o 2
0211 = —Re# , 573y = —Re 222P) (4.35)
3]? p2:m% apQ pzzmg

Here, these conditions have been given for a general matrix 6M? — despite the fact that 6M?
is a diagonal matrix diag(ém?,dm3) — as the general formulas will be useful in Sec. 4.4.

4.4 Tadpole Renormalization

Qualitatively, the tadpole parameters Ty and 75 have been defined as the value of the
potential at the points where the fields H and S equal the parameters v and vg.® Setting
Ty = Ts = 0 makes v and vg the minimum of the potential and thereby the VEVs of the
fields H and S, respectively.

While simply setting Ty = Ts = 0 works perfectly fine at tree level, the situation is more
complicated when taking higher-order corrections into account. Upon renormalization, the
(bare) parameters u%{o, ,u%o, AHO, Aso, Auso and mio that appear in the definition of the
tadpole parameters (2.5) are split into physical parameters and corresponding counterterms,
for example u%lo = ,u2H + 6;1%, with the counterterms being of higher order in the coupling
constant. Consequently, also the tadpole parameters are expanded in the same way:

Tuo =Ty + 6Ty, Tso=1Ts+ 5. (436)

At NLO, simply setting all these tadpole parameters to zero comes with severe consequences.
In order to understand these consequences, consider the tadpole terms V; in the Lagrangian,
that are given in Eq. (2.8). In this work all computations are done in the mass basis defined
by Eq. (2.14) and it is therefore convenient to define

(7) = o) (22). (437)

such that the tadpole terms can be translated into the mass basis as follows:

h
LD -Vi = — (Two, Ts0) <?>I:;§> = — (Tho, To) (h;ﬁ) = —Tiohio . (4.38)

5 For the quantitatively correct definitions see Egs. (2.4) and (2.5).



4.4 Tadpole Renormalization 29

These tadpole terms correspond to “vertices” with a single external line h;y that come with
factors of —iTj (see Eq. (3.24)). These vertices receive higher-order corrections in form of a
1PI function that we are going to call i=;. It is the analog to iX(p?) of the propagator in
Eq. (4.6). Note that Z; is momentum independent since the external momentum of a tadpole
diagram has to vanish due to momentum conservation at the vertices.® The full tadpole (in
analogy to the full propagator G(p?)) is then given by

K; = —iTjo +1iZ; = hjo ---® + hj ~ (4.39)

Now, a renormalized full tadpole K; is introduced together with a renormalized tadpole
1PI function = in analogy to the renormalized propagator 1PI function i3(p?) in Eq. (4.19):

Ki = —iT; +i8; = VZij (=iTjo + iZj) = VZi; K; . (4.40)

Plugging the expansion in counterterms T;o = T; + d7; and Eq. (4.24) into the right-hand
side of Eq. (4.40), one finds

A 1
Si= B~ 0Ty — 02Ty + 0(6%), (4.41)

where O(62) stands for terms of order two (or higher) in the counterterms. This is the analog
to Eq. (4.17).
Note that K; corresponds to a 1-point function [Sch14, p. 323],

R = FT(QThi(2)|9) = FT (QJhi(2)|) = FT (hy)
_ pJ oS (pn) +sina (¢g) , fori=1, (4.42)
B —sina (¢y) + cosa (¢s), fori=2,

where () is the interacting vacuum, T is the time-ordering operator and “FT” is a short-hand
notation for a Fourier transformation. Obviously, K; is precisely the vacuum expectation
value of the field h;. Even if T; = 0, the full tadpole K; can still be non-zero due to the
contributions from the tadpole 1PI function iZ;. Due to Eq. (4.42), this would imply that
also (¢p) and (¢g) do not vanish and hence the vacuum expectation values of the fields H
and S are no longer v and vg, respectively, but v+ (¢g) and vg + (¢g), according to Eq. (2.6).

Thus, in order to ensure that v and vg are the true vacuum expectation values of the fields
H and S, respectively, it is required that (¢p) and (¢g) vanish and hence that

K, =0. (4.43)

Additionally, v and vg are by definition only the true VEVs if they are the minima of the
potential, which implies by Eq. (2.5) that the physical tadpole parameters Ty and Tg must

6 In this sense, it is not really a “function”. For the sake of uniformity, we will still call it “1PI function”,
just like X(p?).
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vanish. Due to Eq. (4.36) the bare tadpole parameters must then equal their counterterms:”

Ty=0, T5=0 - Tio = 6TH, Tgo = 6TS . (4.44)

Note that setting the physical tadpole parameters to zero ensures that the physical parameters
miQ as defined by Egs. (2.15) are the true masses of the Higgs bosons hy o [Kral6, p. 30].
Using Eq. (4.37) one can easily translate Eq. (4.44) into the mass basis [Kral6, p. 30]

T,=0, T,=0, <§%> = R(a) <f§:) +0(6?). (4.45)

Using Eq. (4.40) and Eq. (4.41), the observations that K; and T; must vanish lead to the
conclusion

2,20 = T =5;. (4.46)

In the renormalized Lagrangian (the analog to the one in Eq. (4.14)), the tadpole terms (4.38)
read

LD Vi =-T;h; — 6T;h;. (447)
Thus, the renormalized Lagrangian includes a tadpole counterterm
-0, = h; ---Q. (4.48)

The full renormalized tadpole can then be visualized diagrammatically as

Ki= hi---e + hi + hi ---®

= —iT; +iZ; — i6T; + O(5?)
=0.

(4.49)

It vanishes because the renormalized tadpole parameter 7; is inherently zero and the coun-
terterm 67} cancels =; by construction.®

In this work, the Standard Tadpole Scheme is employed, within which it is not required to
make a distinction between bare and physicals VEVs (in other words, the VEV counterterms
are set to zero). For the Alternative Tadpole Scheme, see [Fle81].

The observation that the bare tadpole parameters Tyg and Tgg do not vanish at NLO
entails that the (bare) tadpole matrix 7y in Eq. (2.12) can no longer be dropped as it was
done in Sec. 4.3. Hence, instead of the “pure” mass matrix My we need to use the mass

7 Since counterterms are of higher order in perturbation theory, these equations imply that the bare tadpole
parameters Tro and Tso are of higher order as well, which is why it is still consistent to set them to zero
at leading order.

8 Note that the difference in writing the tadpole 1PI function ¢Z; with an external renormalized field h; as
in Eq. (4.49) or with an external bare field h;o as in Eq. (4.39) is an additional factor Z, which contributes
to the terms in O(6%) only.
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matrix M2T0 = M2 + T that includes the tadpoles. Correspondingly, a rotated mass matrix

M7y = R(ag) M7g R~ () = M§ + R(ag) (THS/ ! TSOO/US> R~ (o) (4.50)

is introduced. The expansion in physical parameters and counterterms reads
M2, = M? + §MZ + O(6?), (4.51)

where [Kral6, p. 31)°

2 a2 - 0Ty /v 0 —1
SM2Z = 6M? + 6T, 0T = R(a)( 0 s ) B ). (4.53)

Here, M? and 6M? are diagonal matrices with the Higgs masses and Higgs mass counterterms
as diagonal elements, respectively. Including the tadpole matrix 7 has therefore the effect
that instead of M02 and 6M?, the matrices M%O and 5M% have to be used in Sec. 4.3.

Performing the matrix multiplication in the definition of §7 in Eq. (4.53) explicitly and
converting §7y, 0Ty into 671,67, using Eq. (4.45), the elements of the matrix 67" can be
given as

. 3 3 .
v sin® « + vg cos® « vsin o — vg cos « .
0T = 0Ty + cosasina 6715,
VS VU
v sin v — vg COS & . U COS & + Vg sin « .
0110 = cosasina 07y + cosasinadly,
Vg Vg (4.54)
0Ty = T2,
v oS & + vg sin . vecos® a — vg sin® a
0Ty = cosasina 017 + ol .
VUS VU

With these new insights at hand, the Eqgs. (4.35) need to be adjusted; specifically, the
counterterms (5Mi2j need to be equipped with an index T, after which Eq. (4.53) can be
employed to arrive at [Kral6, p. 31]

om? = Re (211(771%) - 5T11) ) om3 = Re (Saz(ms) — 0Tha), (4.55)
2 2
0212 = 2 2 Re (5T21 — Y21 (m%)) ) 0291 = —5 5 Re (5T12 — Elg(m%)) .
my — My my —mj

The formulas for the counterterms 6717 and §Zs9 from Eq. (4.35) remain valid without
change.

9 Here it was used that

07w

Fa0) ™2 = fa+50) " = (f(a) + F(@)da + O(50)) L

5Th
A

0(8%), (4.52)

since Ty = 0.
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4.5 Mixing Angle Renormalization

The gauge and mass eigenstates of the Higgs doublet are mixed by an angle « (see Eq. (2.13)
and (2.14)). By Eq. (2.16) « is related directly to parameters like the Higgs masses that are
shifted by higher-order corrections and therefore need to be renormalized. Consequently, also
« will receive a shift during renormalization: One has to distinguish between the bare mixing
angle ag and the physical mixing angle «, which differ by a counterterm da [Kral6, p. 45]:

ap = o+ da. (4.56)

There are different schemes for how to fix the counterterm d«. In this work, the Kanemura
scheme (also called KOSY scheme) will be employed [Kan04]. For other schemes see [Denl8].
Let /Z4 be the field-strength renormalization matrix of the gauge eigenstate Higgs doublet,

(o) == (%) o

It then follows from Eq. (4.24) as well as from the bare and renormalized versions of Eq. (2.14)
that

VZR(a) @g) —VZ (Z;) _ (Z;g) — R(ap) (i‘;g) ~ R(oo)/Z, (i‘;) L 458)

Thus, the field-strength renormalization matrices of the mass and gauge eigenstate Higgs
doublet can be related by

VZ = R(aw) \/Zy R }(a) . (4.59)

By expanding the field-strength renormalization matrices in terms of their counterterms
Eq. (4.59) can be brought into the form

14267 = R(ag) R (a) + R(a0) 25 B~ (a) + O(8)
X 2 . 2 (4.60)
= SR(a0)0Zy Rl a)=1+ 502 = R(6a) + 0(6%),

where it was used that R(ag)R™!(a) = R(6a) +O(5a?).10 O(§?) stands for terms that are of
second order in the counterterms. Thus, using R(a) = R(ap) + O(da) and the result (4.60),

10 This relation follows from

cosa — dasina  sina + da cos «
—sina — dacosa  cosa — dasina

R(da) R(a) = ( ) + 0(80%) = R(a + da) + O(5a”) . (4.61)
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the rotation of y/Zy can be given as

R(a)\/Zg R M) = 1 + %R(a) 525 R\ () + O(5?)

=1+ %R(ao) §Zs R () + O(6%)
1 (4.62)
=2+ 50Z — R(0a) + 0(6%)

B 2—1—5Z11/2—1 5Z12/2—5Oé 2
(5221/2+5a 24 0Z59)2 —1) T OO

In the KOSY scheme it is assumed that \/Z>¢ is a real symmetric matrix [Kan04, p. 45].
Under this assumption, also the rotated version of this matrix is real and symmetric and
hence the off-diagonals of the matrix in Eq. (4.62) need to be equal, which immediately
implies [Denl8, p. 17]

1
da = 1 (67212 = 6Zm) + 0(6?). (4.63)

Plugging in the expression for Z;; from Eq. (4.55), the mixing angle counterterm is given by

1 1
_2m%—m%

Sa Re (20712 — $91(m3) — S12(mi)) + O(6?). (4.64)

Recall that 07j; is given in Eq. (4.54) and the counterterms §7; therein are computed directly
from tadpole 1PI diagrams according to Eq. (4.46).

4.6 Renormalization of the Dark Matter Particle
In the Lagrangian, the mass term for the Dark Matter candidate x in Eq. (2.9) reads!!

1 T
£o—3 (mio + SO) X4 (4.65)

Splitting the bare fields and parameters in physical fields and parameters and their countert-
erms, we have

5T

Us

1
X0 = <1 + 25ZX) X, Thio = mi + 6mi + +0(6%) . (4.66)

=6
With ﬁﬁ( = mi, the renormalization of the field y corresponds exactly to the renormalization
of ¢* theory in Sec. 4.1 with the mass parameters with a tilde playing the role of the mass m
in ¢* theory. Reusing the results of Eq. (4.22), the mass and field-strength renormalization

11 Note that the Lagrangian contains the negative potential; so here we have a different sign than in Eq. (2.9).
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counterterms for the x field are given by

_ _ 6T
o = By (m3) = om? = Sy (m3) — = (4.67)
9%y (p*) NI
67, = ——2X 2 — 67, = ——2X2 2 : 4.68
X ap2 p2=m§ X 8p2 pZZmi ( )

where iEX(pQ) is the sum of 1PI diagrams of the x propagator. Note that Tg can be converted
into a linear combination of 71 and T using Eq. (4.45), which in turn are given in Eq. (4.46).
Since x is a stable particle, real parts are not required in these formulas.

4.7 y*-Higgs Vertex Renormalization

The tree-level diagram of the Direct Detection process that is presented in Fig. 4.1a features
the vertex of two Dark Matter particles xy and one Higgs particle h; or he. These interactions
are described by the terms ~ ¢px? and ~ ¢gx? in Eq. (2.10). After they have been converted
into the mass basis hy, ho using Eq. (2.14) and after replacing Agg and Ag using Eq. (2.17),
they read

1 1
£55Coho X6+ 5 G20 hao X » (4.69)
where!?
Cro = _mfo sin o 7 Cho = _m%o cos ag (4.70)
vUso VS0

Writing the bare vertex factors as a sum of the physical coupling and its counterterm,
Cio=C; +6C;, (4.71)

and using that vgy = vg (see Sec. 4.4), the counterterms can be expressed as

sin v dm? + m? cos a S cos a dm3 — m3 sin a o
0C = — , 0Cy = — .

s s

(4.72)

The bare coupling terms in Eq. (4.69) can be turned into renormalized coupling terms as

1 1.
ici()hiOX% = icihiX27 (4.73)

where plugging in the Eqs. (4.71), (4.66) and (4.24) leads to

N 1
Ci = Ci+0Ci + Ci6Zy + 5C;0Z;: + O(6?). (4.74)

= 5C;mx

12 Note, again, that there is an additional minus sign compared to Eq. (2.10), since here the terms are
considered to be terms of the Lagrangian, not the potential. The indices 0 indicate bare parameters.
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Recall that Z;; is the field-strength renormalization matrix of the Higgs fields h;.

4.8 Renormalization of Fermions in the Electroweak Theory

In the Electroweak Theory, the fermionic kinetic and mass terms in the Lagrangian after
symmetry breaking read'?

L2 q@'da + aydag —mo (@0'95 + @) - (4.75)

Here, ¢ is the fermion spinor field and the indices R and L indicate the right- and left-handed
component, respectively. They are defined using a projector Pg r:

1447
qR’L = PR,Lq; where PR,L = 27 . (476)
The bare fields can be related to the physical fields by
a =VZRe*,  af =VZ'q". (4.77)

Note that CKM mixing is neglected in this work. Therefore, each left- and right-handed
fermion has its individual field-strength renormalization constant Z% and Z%, respectively,
and there is no need for a field-strength renormalization matriz with off-diagonal elements.

Using the identities (4.76) and (4.77), the terms in the Lagrangian (4.75) can be brought
into the following form:

L > q(ZR%JPr + Z"9PL) q — VZRZlmg (¢%¢" + ¢"4") . (4.78)

The field-strength renormalization constants then also appear in the fermion propagator
that corresponds to this Lagrangian, just as it was encountered for ¢* in Eq. (4.19). The full
renormalized fermion propagator therefore reads

A ?

Gle) = ZRpPr + ZLpPr, — VZTZmg + (S(p) + O(62))

(4.79)

where i3(p) is the sum of all 1PI diagrams of the fermion propagator defined analogously
to Eq. (4.6).14 Because any four-momentum p within ¥(p) can only be contracted to either
another p forming p? or to a v matrix forming P, it is always possible to decompose ¥(p) into
pA(p2) + B(p?) by using p2 = p2. Splitting it also into right- and left-handed parts, ¥(p) can
generally be given as [Denl9, p. 28|:

S(p) = pPrE"(p?) + pPLE" () + mPRE™ () + mPLE (p?) . (4.80)

13 Of course, the full Lagrangian contains terms gt [Pqdt + G5 Pt with a covariant derivative. Here, only the
kinetic part of the covariant derivative D = @ + - - - is considered.

14 Note that X(p) receives overall factors of the field-strength renormalization when computed in the
renormalized theory. However, since 3(p) is already of NLO, these additional Z-factors have no effect at
NLO: £(p) — (Z factors) - (p) = Z(p) + O(6?), where O(5?) stands for next-to-next-to-leading-order
(NNLO) contributions.



36 Chapter 4 Renormalization of the DCxSM

In CP conserving theories it turns out that X7 (p?) = X! (p?) := £9(p?) [Denl9, p. 28], and
hence the simpler decomposition

2(p) = pPrE" () + pPLE" () + mE (p?) (4.81)

is sufficient.
Plugging this decomposition as well as mg = m + dm into Eq. (4.79), the denominator of
the propagator reads

N

iGN (p) = p— m+pPr (S8 (p?) + 627) + pPp (B*(p*) +627)

1
—5m (627 +62%) — ém + m¥5 (p?) + 0(6?).

(4.82)

Introducing the renormalized 1PI function f)(p) by writing the renormalized propagator as

A 1

G(p) = m (4.83)

and decomposing 33(p) in the same way as X(p) in Eq. (4.81), one finds (up to NLO) [Den19,
p. 34]

™M
=
\_9

Il

SHp?) + 02",
»Ep?) + o2, (4.84)

om

- 1
Sr2y _ vwS,.2y & R Ly _
X7 (p7) = X7 (p%) 2((5Z +02%) .

™M
h
—
o
SN—
Il

The on-shell renormalization conditions for the full inverse renormalized fermion propagator
G~Y(p) read [Denl9, p. 28]

=0, (4.86)

= u(p) . (4.87)

p2—sm?2

Plugging in the propagator in terms of the renormalized 1PI function (p) decomposed as

15 In QED, it follows from the Ké&llén—-Lehmann spectral decomposition that

é(p) L zp]j i— :12 = (—i (p - m))_1 for Pp—m, (4.85)

similar to Eq. (4.8) [Pes95, p. 216]. The fact that G(p) has a pole at p — m implies éfl(p) = 0 for
$ — m or, equivalently, Eq. (4.86). The form of the pole of the propagator (that is, its residue) implies
G_l(p) =—i(p—m) = (p+m)/(p° — m2)ié_1(}7§) =1 for p — m or, equivalently, Eq. (4.87). The
appearance of the real parts is discussed above Eq. (4.22).
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in Eq. (4.81), the first renormalization condition (4.86) yields, exploiting the Dirac equation,

Re (PL (mf]R(p2) + mf]s(p2)> + Pr (miL(p2) + mis(Pz))) u(p)

—  Re (iR(m2)+25(m2)) L0, Re (iL(mQ)JriS(m?)) Lo. (4.88)

The second renormalization condition (4.87) yields

1 A A A
5 Re (p* = m? + Pp (pSR(%) + m*SE(52) + 2m?5 () )
pr—=m ) A ) ' (4.89)
+ Py (PPSE02) + m2SR0%) + 2mP 5 07) ) u)| | = (),

p2sm?2

where the Dirac equation was used again.

In order to satisfy this equation, the first and second orders of the Taylor expansions
around p? ~ m? of the two brackets after Pr and Py, respectively, have to vanish. The first
order already vanishes by the conditions (4.88). The second order vanishes if

Ro -0 (18R (%) + m?ShG7) +2m?8500)| Lo,
o pi=m? (4.90)
9 [ aeL 2 2R (2 2§05, 2 ! '
Re—2<p2(p)+m2(p)+2m2(p)) =0.
Ip p2=m?

Plugging in the relations (4.84), the conditions (4.88) and (4.90) can be transformed to

. m2 ; m |
e <<§Lgm2§ i gé) +2%(m?) — é(éZR +8z8) — 5m) 1o,

L) +02 8 IR
fre ((gLEm% i§§L> +m?® 3((;2 (ER(PQ) +2E(p?) + QES(pZ)) - 2) Lo,

respectively. These four equations can be solved consistently for the three counterterms
[Denl9, p. 34]:

5m = FmRe (SR(m?) + £ (m?) + 255 (m?))

2
5ZR — _Re ZR(’ITL2) _ m2 Re 8(22 (ZR(pQ) + EL(pQ) + 225(}72)) , (492)
p2=m?2
67Z% = —Re Xt (m?) — m? Re 88])2 (ZE?) + 2R (p?) + 255 (p?)) ’
p2=m?2

where it was used that the counterterms are real.

4.9 Renormalization of the Gauge Sector

The starting point for the derivation of the on-shell counterterms has been the full propagator
G for both the scalar fields and the fermion fields (see Eqgs. (4.7), (4.25) and (4.79)). The
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derivation of these full propagators can be found in many QFT textbooks, which is why they
were omitted in this work. On the other hand, textbooks rarely provide a derivation of the
full propagator of massive gauge bosons. In Sec. 4.9.1 this derivation is presented, before the
counterterms of the gauge sector are deduced in Sec. 4.9.2.

4.9.1 The Full Gauge Boson Propagator

In order to derive the full gauge boson propagator, let us first introduce the following notations:
Let A% and Af” be the transversal and longitudinal Lorentz structures, respectively, and let
dre and dr, be the transversal and longitudinal propagator denominators of a gauge boson a
with mass m,. More specifically, these quantities are introduced as'®

% 1
guy_%’ fOI'X:T, w, fOI'X:T,
AQV = T b dxq = P “ (4.93)
pi'p S
5 for X =1L, -, for X =T,
p p°—E&mg;

where £ is the gauge parameter of the Re gauge. Note that the object A% has the property

0, for X #Y,

AT A =AK 5oy = 4.94
X —Y,ov Xv XY {AQ,V’ for X =Y. ( )

In the R¢ gauge, the kinetic and mass terms in the Lagrangian for the massive gauge
bosons read [Pes95, p. 741]

£D —%Vﬁ <5ab <—g‘“’D + <1 - 5) 3“8”) - miw‘“’) Ve, (4.95)

b is the mass matrix in the gauge basis; diagonalizing it turns the gauge eigenstates V}
into the mass eigenstates V' € {Wi Zu, Ay} (a indicates the type of the gauge boson) w1th
masses m2. Eq. (4.95) then reads

1 a v v 2 v b
£D —QX;VM (5ab (—g“ O+ (1 — g) o) ) — Sapym2 gt ) VP, (4.96)

The inverse Feynman propagator D;bl’“ “(p) can be obtained by performing a Fourier
transformation on the large bracket in Eq. (4.96) [Pes95, p. 734]:

. — v 1

1L
= dab (guy ppp > (p -—m ) + 6abp P

— Sapd gt AR

(4.97)

€(p —&my)

16 The full propagator is derived in terms of the bare quantities. We will drop the indices zero in this section
for simplicity. As soon as distinguishing between bare and physical parameters becomes relevant (which
will be the case in Sec. 4.9.2), bare parameters will be equipped with an index 0 again.
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where a sum is implied over X € T, L according to the Einstein summation convention.
Inverting this expression gives the Feynman propagator:'”

iDL (p) = bypdxca N (4.99)

Let ¢3!/ (p) be the sum of all 1PI diagrams of the gauge boson propagator:

X, (p) = @K b,v . (4.100)

Due to the mixing of the Z boson and the photon, the corresponding off-diagonal terms Z‘Z“; (p)
and X/7 (p) are non-zero. Since the Lorentz indices of X} (p) can only be carried by the metric
g"” or two four-momenta p*p”, the 1PI function must be of the form X!} (p) = Aw(PH) g™ +
Bap(p?)p'p”. Rather than into terms proportional to g"¥ and ptp”, we equivalently split
the 1PI function into transversal and longitudinal contributions ZaTb’” “(p) and ZaLé“ “(p) -
proportional to A% and A}, respectively:

Sh (p) = S () + 2" (0) = ARST(0%) + AL (07) (4.101)
In order to compute the full propagator G4 (p), let us introduce one more abbreviation:
Sap(0?) = dxp ¥y (p%) - (4.102)

The full propagator is then given by!'®

= DhY(p) + D (DE2(P) i%ed o (p) DY (p)) (4.103)
c,d

Gt (p) =

+ Z (Dgg(p) izcd,pa(p) Dgg(P) izef,nn(p) D?ll;) +ee
C7 d? 87 f

17 Using Eq. (4.94), it is easy to see that

_iDa_cLMU Z.ch,ou = Z (6ac d)_(i Ag{) (5cb dy. AY,cru) = dap Z AQL{,V = dap gﬁ . (498)
X

c, X,Y

The last step follows immediately from the definitions (4.93).

18 The gauge indices a, b, c are not summed over implicitly by the Einstein summation convention in this
derivation, but only if indicated explicitly by a sum symbol. On the other hand, a sum over the
transversal/longitudinal indices X,Y, Z is implied in accordance with the Einstein summation convention —
a sum over these indices is indicated explicitly only if there are more or less than two such indices to be
summed over, where the Einstein summation convention does not imply a sum.
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Plugging in Eq. (4.99) and (4.101), the second term of Eq. (4.103) can be rewritten as
> "D (p) i%ea pe (p) D (p)
c,d

= (~i0acdxaN) i (AypoSea(p”)) (~ibard b AT )
c,d (4104)

= (—idxaAR) Y (AY 0y zd (7))
Y

- (_ianAuXp) (Al{/,pisz(pz)) °

Here, also the property from Eq. (4.94) as well as the definition (4.102) was used. Similar
transformations are possible for the third (and all further) terms, such that the full propagator
reads

Gl (p) = —idxa A <5abgp+A Z(Agngc ) ( gng(ﬁ)w...)
-3 (idvad) (aab 507 + Y SXGIE0) + )

X
' , 1 ab
= ZX: (—idxoAY) <1_3X(p2)> : (4.105)

In the last step the geometric series for matrices was used [Hub99, p. 88].
The inverse of this full propagator is given by!?

—iG M (p) de},M” (8a — ZA Sapd s — S (%)), (4.106)

. . . . —1
since with this expression one finds >, Gac " Gepov = gbdap-

4.9.2 Counterterms in the Gauge Sector

The mass eigenstates of the Z boson Z* and of the photon A* are rotated from their gauge
eigenstates in the same way as the Higgs mass eigenstates hy and hg are rotated from their
gauge eigenstates h and s. Thus, the bare fields of the Z boson and the photon are connected
to the renormalized fields by a field-strength renormalization matrix Z,

<i0§> =Vz (ib R (1 + ;52{) (ii) 7 (4.107)

exactly as it was the case for the Higgs bosons in Eq. (4.24). On the other hand, the W+
bosons are each other’s antiparticles and therefore have the same field-strength renormalization

19 Except for defining X(p?) with a different overall sign, this corresponds to the equation in [Kral6, p. 40]
and is the generalization to a general gauge for the result given in [Denl7, p. 12].
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constant Zyy:

Wit =/ ZwWH (4.108)

Hence, writing the field-strength renormalization constants Z and Zy into a 4 x 4 matrix
Z, all matrices A = G*,GH* 3, Y, Z are diagonal except for a 2 x 2 block in the lower right
corner:

Aww 0 0 0

W
0 Aww 0 0
0
0

A= (4.109)

0  Azz Az,
0 Avz Ay

The inverse full propagator in Eq. (4.106) is computed in terms of bare quantities and
technically all the parameters it contains need to be equipped with an index 0. It is related
to the corresponding renormalized full propagator G, by

G (p) = VZ (=G~ (p))VZ, (4.110)

where the propagators as well as the field-strength renormalizations are 4 X 4 matrices in
gauge space. This equation is completely analogous to Eq. (4.25) from the scalar case.

Plugging in Eq. (4.106) and expanding the parameters in physical terms and counterterms
(note that dyl, = dy, — dm?), it follows from Eq. (4.110) that

S VZue (=G ) VZa
c,d

1 1
— Z <5ac + 25ij> AR (5cd (d;(}j — 5m§) — zgg(]ﬂ)) <5db + 252db>
X,c,d

(4.111)
1 1
- Z AR <5abdX}) — 22X (p?) — Gapdm?2 + Ed;ﬁLéZab + QdX})(sZ;b)
X

= D0 AR (Bl — S8 = G " ().
X

Here, f]g% is the renormalized counterpart to Ef , exactly as it was in the scalar case (see
Eq. (4.19)). Since AY is orthogonal in the X space according to Eq. (4.94), one may solve
for both the transverse and the longitudinal parts individually, which yields

. 1 1 _

X (p?) = X (p?) + dapdm? — §dX}z5Zab — idx})azlb. (4.112)
Imposing renormalization conditions on the transversal contributions is sufficient to fix

all counterterms. The on-shell renormalization conditions on the transversal contributions

of the renormalized 1PI function iz:b(p) can be derived just as in the scalar case (see
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Egs. (4.27)-(4.33)) and yield

Re ST, (m2) =0, fora=W,Z,7, (4.113)
iT 2
Re%gp) =0, fora=W,Z,~, (4.114)
ap 2—n2
pT=mg
Re 37, (mz) = Re 37, (my) =0, fora=2Z,~. (4.115)

Of course, m?; = 0. Employing these conditions on Eq. (4.112), the counterterms can be fixed
as follows:

om2 = —Re XL (m?), fora =W, Z, (4.116)
ET 2
0Zaq = Re M(Qp) , fora=W,Z,~, (4.117)
Ip p?=m32
6Z 2 Rexl (0) (4.118)
= —_—— e .
Z~y m2Z Zry )
2
677 = @Re %7, (m%). (4.119)

Note that ¥Z, (p?) = XL (p?), but 6Z4p # 6 Zpa.

By definition, the elementary charge e is the coupling constant of the fermion—fermion—
photon vertex. During renormalization, the bare elementary charge is split into a physical
term and a counterterm similarly to all other parameters:

1 1
ey = Ze rRe— §5Zee. (4.120)

Since each such kind of a vertex has precisely one external photon, in QED the charge
renormalization can be used to cancel the (infinite) field-strength renormalization factor of
the photon field §Z,, by choosing [Pes95, p. 246]

670 =062, (4.121)

such that the combination

w Y+ >®M o (4.122)

is finite.
In the electroweak theory, however, the photon and the Z boson states mix at one-loop
order and a photon can couple to a fermion through a Z propagator [Jegl9, p. 96]:

>MZ~QM v (4.123)

Since this is an additional possibility for a photon to couple to a fermion, an additional term
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in 0Z, is required in order to cancel its infinities.

Note that the expression for Eq. (4.123) can be derived from the first diagram in Eq. (4.122)
by exchanging the full propagator G55 — G’;; and by replacing the coupling factor of the
photon—fermion—fermion vertex by the Z boson—fermion—fermion vertex. The latter is given
by gsin? 6,/ cos 0,,.2° Hence, it is found that

A 1 gsin?6
e cos 0,

Thus, including the additional contribution that is required to cancel the full mixing
propagator, §Z, is given by [Den93, p. 18]%!

(4.124)

Nz v
Gry—=Glg

1 inZ 6 8ZT 2 2 sinf
02, =02y + L2220 57 - ew — S W ResT,(0).
e cos By, 5240827, Op 20 m, cos b,
(4.125)
Here, Eqgs. (4.117), (4.118) and e = gsin 6, [Pes95, p. 703] were used.
Writing the weak coupling as [Pes95, p. 703]
g=—— (4.126)
T mifm?
its counterterm can be given as
og 1 1 2 2 2
; = 75626 + m (5mW — COS 9w5mZ) N (4127)

with the mass counterterms being given in Eq. (4.116).

4.10 gg—Higgs Vertex Renormalization

The term in the Lagrangian that describes the vertex of a quark ¢, antiquark ¢ and a Higgs
boson h; reads

L D Diohio (q5ag + @G af’) - (4.128)
where, using vo = 2myo/go [Pes95, p. 701],

Mgo COS (g goTmqo COS &g
Dyg = — =— ; Dy =
Vo QmW() Vo 2mWO

Mo sin ay _ 90Mqo sin oy

(4.129)

20 As a matter of fact, this is only the part of the coupling that is equal for left- and right-handed fermions
[Pes95, p. 705]. Due to the Ward—Takahashi identity, all other contributions to this coupling vanish [Den93,
p. 18][Jegl9, p. 97].

21 Note that in [Den93, p. 18], the definitions of § Z. differ by a factor of —1/2 and the definitions of the 1PI
functions by a factor of —1.
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Writing these bare vertex factors as a sum of a physical term and a counterterm,

the counterterms can be expressed as

om? 0 )
5D1:gmq<sina6a+cosa< mgv—ﬁ— mq>>,
2my 2myy, g mg

2
0Dy = 2gmq <cosa5a—sina <ng — 6—9 - 5mq>> .

2
myy miy g my

(4.131)

The bare coupling terms in Eq. (4.128) can be turned into renormalized coupling terms as
Diohio (d§q€ + Q(%Q(I)%) = Dih; (CYRQL + @LQR) ) (4.132)
where plugging in the expansions (4.130), (4.24) and (4.77) leads to

. 1 1
Di = Di +0Di + 5 D;6Zj; + 5 D; (027 +62%). (4.133)

/

=: §Dmix

4.11 Overview: Counter Propagators and Vertices

In the beginning of this chapter the goal was set to compute the counterterms in Fig. 4.2.
This section aims for presenting the results for these counterterms that have been derived in
detail in the previous sections.

As it becomes obvious by comparing Egs. (4.15) and (4.17), the counterterm propagator is
the difference between the bare 1PI function ¥ or = and the renormalized 1PI function 3 or
. Using Eq. (4.34), the counterterm propagators for the Higgs boson read

(1>

hi --®- hy =i ((p* —m?)6Zy — dmi — 6Ty) (4.134)

hi --&--h; = ((pz—m?)éZij+(p2—m?)5Zji—26Tij) , fori £ j.

i
2

Similarly, for the Dark Matter—Higgs boson vertex and for the quark-Higgs boson vertex it
follows from Eqs. (4.74) and (4.133) that

hi
X--@- X =6C; +6CM™~, q ~Q—q =0D; + DM (4.135)

h;

To make sense out of the expressions (4.134)—(4.135), the reader is referred to all the
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formulas for the diverse counterterms that have been derived in this chapter:

0211, 0799 see Eq. (4.35) oT;

6m?, 07212, 6Z91 see Eq. (4.55) oo

055 see Eq. (4.54) 07,

0C; see Eq. (4.72) omiy,, dm%
SCmix see Eq. (4.74) 5g

0D; see Eq. (4.131) 02,

§DMix see Eq. (4.133) omy, dZ%, dZ*

see Eq
see Eq
see Eq

see Eq
see Eq
see Eq

- (
- (
- (
see Eq. (
- (
- (
- (

4.46)
4.64)
4.68)

4.116)
4.127)
4.125)

4.92)

Using these formulas it is possible to express all the diagrams (4.134)-(4.135) in terms of free
parameters and the following 1PI functions (and their derivatives) only:

Higgs propagator: 1235 (p?) = hi--- ---h; Sec.

Higgs tadpole: iZ; = h;---
Dark Matter propagator: z'EX(pQ) = X --- oo X
fermion propagator: iX(p)= f f

gauge boson propagator: X4 (p) = @ p

’

Sec.

Sec.

Sec.

Sec.

4.3,

4.4,

46,

48,

4.9.

Fig. 4.3,

Fig. 4.4,

Fig. 4.5,

Fig. 4.6,

Fig. 4.7.

The functions Y% (p?), 2F(p?) and £°(p?) that appear in the formulas for ém,, 6Z% and
§Z% (4.92) are the different contributions to the fermion 1PI function i%(p) according to
Eq. (4.81). Note that the difference in having bare or renormalized fields on the external
lines in these diagrams is merely a factor Z; since the 1PI diagrams are already of NLO, such
a factor would only contribute to NNLO. The specific diagrams that contribute to these 1PI

functions at one-loop order are given in Figs. 4.3-4.7.

Note that the total amplitude is independent of the factors §Z;; of the internal Higgs
bosons. That is, these factors cancel completely in the sum of the tree diagrams in the sum

Z h@ +Z hi +Z &
7 q !

X -poreoe X X---®-- X X --more-

(4.136)
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Table 4.1: In Figs. 4.3-4.7 and 5.1-5.3, ®; is used as an abbreviation for certain sets of particles.
Their definition is given in the list below. Here, 1z and n7 is the Faddeev—Popov ghost of the
Z and W7 boson, respectively. f* = u,c,t,d,s,b, e, u, 7 is short for all charged fermions and
f = fT,ve, v, v, for all fermions of the Standard Model.

Oy = hy, he, x, G°, GT, Z, W+

Py =y, G, G, Z, W, ng, 0", [T
P3 = hy, he, x, G°, G, Z, WT, ng, nt, fF
Oy = hy, h, x, G0, GT

Os5 = h, he, G°, Gt ~, Z, WT

(1)6 — G+, W+, 77—&-7 f+

®; = hy, hy, G°, GT, WT

(I)g — G+, V[/Jr7 7]+? f

Pg = hy, he, G°, v, Z

D19 = h1, ha, v, Z

Py =y, G, GT

Py =G, GT, Z, W+
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a) b) hi o) o,y d) G°
hz,,,Q,,,hj hz"(: }fhj hi——thj hi--{ v hy
h ®, 7
e) G+

W+

Figure 4.3: The one-loop corrections to the Higgs propagator; the 1PI function of the Higgs
propagator i¥;; (p?) was computed as the sum of these diagrams. Here, 4,4, k,] = 1,2. For the
definition of ®; and ®5 see Tab. 4.1. For each combination of external Higgs bosons (i.e. each
combination of ¢ and j) one is left with 7+ 3 + 16 + 1 + 12 = 29 individual diagrams (note that
the loop direction matters in diagram e, which doubles the number of diagrams of this type).

Figure 4.4: The one-loop corrections to the Higgs tadpole; the 1PI function of the Higgs tadpole
i=;(p?) was computed as the sum of these diagrams. Here, i = 1,2. For the definition of ®3 see
Tab. 4.1. For each external Higgs h; one is then left with 16 individual diagrams.

Figure 4.5: The one-loop corrections to the Dark Matter propagator; the 1PI function of the
Dark Matter propagator iEX(pQ) was computed as the sum of these diagrams. Here, i = 1,2. For
the definition of ®4 see Tab. 4.1. In total one is left with 7 individual diagrams.

Figure 4.6: The one-loop electroweak corrections (there is also a QCD correction including
a gluon, which is not taken into account) to the quark propagator; the 1PI function of the g
propagator iX(p) was computed as the sum of these diagrams. For the definition of ®5 see
Tab. 4.1. In diagrams that include G+ or W™ particles, ¢’ is the corresponding down-type quark
for an up-type quark ¢ and the corresponding up-type quark for a down-type quark ¢ (in all other
diagrams, ¢’ = q). For each external quark ¢, one is left with 7 individual diagrams.
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G+,W+
3‘) Q b) (I)G C) GZL
OO ey
‘1)6 I/VJr
) il °) o f Gt 5 Gz
Z———Q———Z Z——Q—Z Z——{vv}—z z--(C -z
g wt i
@5 +
h) Q i) f b)) Gt k) n
W+777 ”’WJF W+”Q" W+ W+77U7 W+ W+,, \\,W+
f/ Py My Nz
1) wt
S TN -
P10

Figure 4.7: The one-loop corrections to the electroweak gauge boson propagator; the 1PI
function of the gauge boson propagator i} (p) was computed as a sum of these diagrams. Here,
(a,0) = (v,7), (7, 2), (Z, 7). That is, the diagrams a-c contribute to i¥4%, %27 and i} only,
but not to the 1PI functions of the Z and W™ boson propagators. Their constituents are given
by diagrams d—g and h-1, respectively. Here, i = 1,2. For the definition of ®5—®1¢, f, ", nz and
1y see Tab. 4.1. If f is an up-type quark or a charged lepton, f’ is the corresponding down-type
quark or uncharged lepton, respectively, of the same generation (for example, ¢’ = s, 7/ = v;). For
given a, b, a—c illustrate 2+ 12+ 2 = 16 individual diagrams, d—g correspond to 5+ 15+2+4 = 26
and h-1to 74+ 6 + 5 + 2 + 4 = 24 individual diagrams (note that the loop direction matters in
diagrams ¢ and f, which doubles the number of diagrams of this type).



CHAPTER b

The Amplitude of Dark Matter Direct Detection in the DCxSM

Direct Detection experiments search for Dark Matter particles by aiming to measure their
interactions with a target nucleus. In Chapter 3 it was worked out how the cross section
for scattering with a nucleus can be related to scattering with a nucleon. Furthermore, in
Sec. 3.4 a formalism was introduced for how the scattering with a nucleon can be computed
with Wilson coefficients as effective couplings between the Dark Matter particle and the
elementary constituents of the nucleon: the quarks and gluons. In this chapter, we will
present which diagrams are taken into account for the computation of the Wilson coefficients
and which approximations are applied.

In the DCxSM, x is the Dark Matter candidate. The interaction between y and a quark
or a gluon is schematically given by

(5.1)
qorg qorg

In Sec. 5.1, this process is examined at tree level. The NLO corrections to the process with
external quarks are presented in Sec. 5.2. Higher-order diagrams with external gluons are
considered in Sec. 5.3. Finally, it is shown in Sec. 5.4 how the amplitudes are matched to the
effective Lagrangian of Eq. (3.26), i.e. how the Wilson coefficients are extracted.

5.1 Tree Level

At tree level, there are no diagrams where the Dark Matter particle y scatters with a gluon g;
all tree-level contributions to the diagram in (5.1) are of the topology as shown in Fig. 4.1a.
Only the Higgs bosons h; and hg are possible mediators, since only they are able to form a
three-vertex with two x particles according to Eq. (2.10) (using Eq. (2.14)). Hence, for a
given quark ¢, the total amplitude for this process at tree level is given by

Xommrom X Xmmmmeee X (m? —m3) cosasina
‘hy A ' ha =—i(ti 2)@_ T g et P2 uP1) (5.2)
e N E— MLE T e

where the parameters mq, ms, v, vg and « have been introduced in Chapter 2. Furthermore,
myg is the quark mass, u is the quark spinor and p; and p are the incoming and outgoing
quark momenta, respectively, and t = (pa — p1)? is the Mandelstam variable that corresponds
to the square of the momentum transfer. As discussed in Egs. (3.6)—(3.7) and below Eq. (3.15),
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the momentum transfer is negligible for Direct Detection processes and hence the tree-level
amplitude vanishes.

5.2 NLO Diagrams with External Quarks

Of all the diagrams that contribute to the Direct Detection process of (5.1), in this section, the
NLO diagrams with external quarks are considered. They are given by vertex and propagator
corrections to the tree-level diagrams as well as by box and triangle diagrams:

4N X X=X XoooroeX XoooroooX
= ; + + |
. , T ¢ ———q )1
X--r-m--X  X--x-7--X  X--—r—--X
+ 4 : - o . (5.3)
¢~+'mq g q g

All the mediators in these diagrams are Higgs bosons, that is either hqy or hy. Only for the
triangle diagrams the mediators can additionally be G° or G, that is

X--—r—--X 2 X--—r—--X X--—x—--X X--—3—--X
/, \\ = Z hZ /l \\ hj + GO /, \\ GO + G+/1 \ G+ * (54)
q > i,j=1 > ( q —— q C]+L>/‘—»q
q

If ¢ is an up-type quark, then ¢’ is the corresponding down-type quark of the same generation.
If ¢ is a down-type quark, then ¢’ is the corresponding up-type quark and the arrows of the
G propagators must be reversed.

Except for only using momentum configurations with zero momentum transfer, the vertex
and propagator corrections are computed without any approximation. Details are given in
Sec. 5.2.1. The box and triangle diagrams are simplified using an expansion for a small quark
momentum; this procedure will be presented in Sec. 5.2.2.

5.2.1 Propagator and Vertex Corrections

All propagator correction diagrams, i.e. all diagrams that are represented by the first diagram
in the sum in Eq. (5.3), are given in Fig. 5.1. Similarly, all vertex correction diagrams for
the (“upper”) Dark Matter vertex x2h; and for the (“lower”) quark vertex ggh; are given in
Figs. 5.2 and 5.3, respectively.

Including the diagrams with a counterterm (i.e. Fig. 5.1f, Fig. 5.2g and Fig. 5.3f) renders
the respective corrections UV finite. The counterterms have been constructed in Chapter 4.

Note that, if summed over ¢ = 1, 2, the diagram in Fig. 5.3c is proportional to the tree-level
amplitude given in Eq. (5.2). Hence, in the limit of vanishing momentum transfer, this
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a) Xﬁiﬁii‘riiix b) Xﬁihij\iiix C) X**B;F***X d) Xﬁiﬁiiriiix
L, (Oe bl o, () @, Go! 77
5| . . .
e) X--por--- X f) X——h—iT———x
Gﬂ?jmﬁ
qahj_;kq qiL»q

Figure 5.1: One-loop electroweak corrections to the h; propagator. Here, i,j,k,[ = 1,2. For
the definitions of ®; and ®, see Tab. 4.1. For each external quark ¢ one is then left with
22.7412+2%2.16 + 22 4 22 . 2 = 116 individual diagrams a—e (note that the loop direction
matters in diagram e, which doubles the number of diagrams of this type). In addition, the four
(for 7,7 = 1,2) counter propagator diagrams f are required to renormalize these corrections.

X X
X X S S
a) X--vi---- X b)) X-=c"=r-X ¢ XA yr---X d) X----[ X
s rhhk * th ha ih hli h;
qg——"% ¢q q ! q——"»—q q——"»q
e) X--;—=r--X f) X--s~---X g) X---®--X
hjv i hy D110 P ?
7 Sr \hi
\hl 1 Ny |
q q q q q q

Figure 5.2: One-loop electroweak corrections to the y2h; vertex. Here, 4, j,k = 1,2. For the
definition of ®;; see Tab. 4.1. For each external quark ¢, one is then left with 23 + 2 4+ 22 + 22 +
23 4+ 2-3 = 32 individual diagrams a-f. In addition, the two (for i = 1,2) counter vertex diagrams
g are required to renormalize these corrections.

a) Xt X D) X e e X ) X m X d) X X
hj N [O3P) D12 q q G, G* )/ ?Z:W+
q >t q - q q q q - q
q q P5 q
€ X----rp-- X f) X---r---X
| 7 |
zZ,wt fx\GO,GJ“ i
q - q g ——QRQ—q
q

Figure 5.3: One-loop electroweak corrections to the ggh; vertex. Here, 7,5,k = 1,2. For the
definitions of ®5 and ®15 see Tab. 4.1. In diagrams that include G or W particles, ¢’ is the
corresponding down-type quark for an up-type quark ¢ and the corresponding up-type quark for
a down-type quark ¢ (in all other diagrams, ¢’ = ¢). For each external quark ¢, one is left with
22 4+2-442-7+2-2+2-2 =38 individual diagrams a—e. In addition, the two (for i = 1,2)
counter vertex diagrams f are required to renormalize these corrections.
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diagram does not contribute. That is, for example,

X----rp-- X X---T---X

S aia ~Y. hi ~t=0 (5.5)

i §—t--3—q i (————

in the limit ¢ — 0. Thus, also the infrared (IR) divergent diagram in Fig. 5.3c with a photon
in the loop (i.e. the case ®5 = ) as well as IR divergent terms of the counterterm vanish.!
In addition to the diagrams given in Figs. 5.1-5.3, there are propagator and vertex correction
diagrams with mediators other than the Higgs bosons that are allowed by the Feynman rules.
However, all of them vanish identically for different reasons. For details see App. C.

5.2.2 Box and Triangle Diagrams

There are three topologies of box and triangle diagrams for Dark Matter scattering with a
2
quark:

b1 br—q p1 b1 br—q P
X----- Fo---------- X X----- N X
z/\/liDj = QJ h; h] Tq + q\*< q , (5 6)
: I hj/’ AN hz
q . q q = q
b2 p2+q D2 b2 p2+q D2
b1 b1
A a/; \4
,LMl‘] = /}l h\\ . (57)
q L q

P2 pa+q P2

For simplicity, we only consider triangle diagrams with Higgs boson mediators in this section,
but not the triangle diagrams with G and G mediators (see Eq. (5.4)). They are treated
in exactly the same way.

The momenta that are introduced in these diagrams reflect the approximation of no
momentum transfer, such that the incoming and outgoing momenta of the Dark Matter
particle y are the same and so are the incoming and outgoing momenta of the quark ¢. The

1 For the same reason also the corresponding bremsstrahlung diagrams — which otherwise ensure the
cancellation of the IR divergences — vanish.
2 Of course, there is no vertex in the center of the second diagram that would connect the two diagonal lines.
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amplitudes are given by

dq 1 1 1

(27’()4(]2—771? (pl_Q)2_miq2_m? 5.8

_ (5.8)
(p2+q)2—m2  (p2—q)* —m2 2

d*q 1 1 Pyt d+my

(2m)4 qz—mf q2—m§ (p2+q)2—mgu(p2)' (5.9)

iMG; =i A u(ps) /

Z./\/lﬁ = i4Bij fL(pQ) /

A;; and B;j are abbreviations for the couplings that occur in the diagrams (5.6) and (5.7).3
The main contributions to these integrals come from the regions close to the poles of the
propagators, that is where ¢? is close to the squared Higgs masses m% and m%, which are of
the GeV order. In Direct Detection experiments, the target nucleus is almost at rest and
hence the energy of the nucleons can be approximated by the Fermi energy, which is in the
MeV order [Dem13, p. 129]. Thus, the approximation ps < ¢ is valid in these integrals and
the denominators that contain py can be expanded as follows [Ert19, p. 21][Abel9, p. 24]:

(p2+q)2—mZ  @#+£2p2-q ¢ qt > ' '

Using this approximation as well as the Dirac equation pu(p) = myu(p) yields

d*q 1 1 1 4m, —4ps - q

MY — AT q

MG = A u(m)/ (2m)* 2 —m? (p1 — q)% — m2 g2 — m? < ERRL ¢> wlpa),
i j

d*q 1 1 1 2py-

W 7AN — 24

iMj; = By u(pz)/ ) R @ — ((12 - / (2mg + ﬁ) u(p2). (5.12)
i J

These amplitudes can be reduced to the Passarino—Veltmann integral basis by the standard
techniques.

Note that this approximation is required for the fact that an exact calculation would not
lead to results that could be matched to the effective Lagrangian in Eq. (3.26); specifically,
without using the expansion (5.11), the external momenta of the Dark Matter particle and the

3 For the sake of explicitness: It holds A;; = a;a;b;b; and Bij = a;a;bij, if a;, b; and b;; are the coefficients
of higq, hix* and hih; x? in the Lagrangian, respectively. Explicitly, they read

.MMg COS (¢ .Mygsin o .m3sina m3 cosa
ap = —1 5 az = —1 ) b1:—’L77 b2:—177
v v Vs Vs
sin o 2 2 3 2 2 . 2 .3
b1 = 5 (vs (m2 — ml) cos” v + vm3 cos” asin a + vmy sin a) ,
4vvg
COS (0 (5.10)
2 3 2 .2 2 2\ . 3
bas = Too (vms3 cos® ac + vmi cos asin® a + vs (m3 — mj) sin”® @),
VU
S
cos asin« 2 9 2 . 2 2 oy .
bio = —— (2vm2 cos” a4+ 2vm7 sin” a — vs (m2 — ml) sin 3a) .

2
4vvg
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quark would appear as arguments of Passarino—Veltmann functions. Using the approximation,
all expressions for the box and triangle diagrams become proportional to either u(p2) u(p2)
or (p1 - p2) u(p2) p, u(p2) and are otherwise momentum independent.

5.3 NLO Diagrams with External Gluons

The interaction of a Dark Matter particle x with a gluon ¢ is only feasible through a Higgs
boson mediator and a quark loop. In the simplest case, the mediator Higgs boson can couple
through a quark triangle to a gluon:

X--mr--- X
by (5.13)

Q&RAJ&/Q ‘

When summed over ¢ = 1,2, this diagram is proportional to the squared momentum transfer
t just as the tree-level amplitude in Eq. (5.2) and therefore vanishes in the limit of vanishing
momentum transfer.

In [Ish18, p. 7], also the following higher-order diagrams are taken into account:

X X
.- X ---r--- X X**Q**X X--{)r--x
+ | - '

gusaL g g g gw@wg'

(5.14)
g g

The coupling of a Higgs boson and a gluon through a quark triangle as in the first and
second of these diagrams can be matched to the coupling of the Higgs boson to a heavy
quark @@ = ¢, t,b. This matching is presented in Sec. 5.3.1. However, by this matching only
diagrams with electroweak corrections to the Higgs boson propagator and the (“upper”) Dark
Matter—Higgs boson vertex can be taken into account; electroweak corrections to the (“lower”)
quark—Higgs boson vertex would obviously interfere with the quark triangle, which makes a
matching to heavy quarks non-trivial, since the loops do not factorize [Ert19, p. 6]. Thus,
including these corrections to the quark triangle would require a full two-loop calculation,
which is beyond the scope of this work. Then, for consistency, also the first and second
diagram of the sum in Eq. (5.14) have not been taken into account for the results of this work.
Taking into account only the propagator and “upper” vertex corrections also comes with the
issue that the field-strength renormalization factors of the Higgs boson fields do not cancel
completely anymore, which they should as known from Eq. (4.136). Moreover, without taking
into account the field-strength renormalization constants consistently, the KOSY scheme for
the renormalization of the mixing angle a (see Sec. 4.5) would cause numerical instabilities
for degenerate Higgs masses ma — my [Denl8, p. 18]. These effects will be further discussed
in Chapter 6.

The third diagram in the sum of Eq. (5.14) represents the triangle and box diagrams with
external gluons. This two-loop diagram can be reduced to an effective one-loop diagram in
the Fock—Schwinger gauge, as it will be derived in Sec. 5.3.2 (see this section also for the
explicit meaning of the blobs in this diagram). It is of the same order of perturbation theory
as the other diagrams in Eq. (5.14); its contribution to the cross section is negligible, as we
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will discuss in Chapter 6.

5.3.1 Vertex and Propagator Correction Diagrams with External Gluons

The propagator correction blobs for diagrams with external quarks in Eq. (5.3) and for
diagrams with external gluons in Eq. (5.14) are identical. The same holds true for the vertex
correction blobs to the (“upper”) Dark Matter—Higgs boson vertex. These diagrams with
external quarks and external gluons only differ in the “lower” vertex, where the Higgs boson
couples to a quark or via a quark triangle to a gluon. It turns out that the effective coupling
of a Higgs boson to a gluon through a quark triangle can be matched to the coupling of a
Higgs boson to a heavy quark @ = ¢,b,t [Shi78].

This matching relies on a phenomenon called trace anomaly. Classically, the trace of the
energy—momentum tensor in QCD is given by [Pes95, p. 683]

Or, = myiq, (5.15)
q

where ¢ is the quark field and m, the corresponding quark mass. Upon including quantum
corrections, however, this trace receives an additional contribution proportional to the /3
function and the ~,, function of renormalization group theory [His17, p. 11][Shi78]:

_ ﬁn Qg
O, =Y mg(l —ym,)dq + 4(% )
q

Ga,GH (5.16)

Here, oy is the strong coupling constant and the index n of the 5 function indicates the
number of quark flavors that are taken into account.

The nucleon matrix element of the trace of the energy—momentum tensor is equal to the
mass of the nucleon [Ji95, p. 12]:4

mp, = (n|OF,[n) . (5.17)

Under the assumption that approximately only the light quarks ¢ = wu,d,s contribute
significantly to the overall nucleon mass, using Eqs. (5.16) and (5.17) the nucleon mass can
be written as

—~ Qs a v
mor Y (nlmg(L— i gln) + B0 (ni, Gt (5.18)
q=u,d, s s

Consequently, the contribution of a heavy quark @ to the nucleon mass is approximately zero
[Bel09, p. 14][Shi78], such that

_ 64 Qs a v
mor Y (mhmg(l— i) + 20 (nii, G (5.19)
q=u,d, s, Q s

4 This neat result depends on the normalization being chosen as (n|n) = (21)36®(0)E/m.,, where E is the
total energy and m,, is the mass of the nucleon.
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for any @ = ¢,b,t. Subtracting Eq. (5.18) from (5.19) yields

2 Aﬁ O a v
0= (nlm (L~ 9m)QQI) + 2% (i, G )
S ~ A,B(Oés) a uv (520)
— (n|mQQQ|n) ~ 4as(1 _ Pme) <n|GuVGa |n> )
—— ——
=as/(12m)4+0(a2)

where AB = B4 — 3 = a2/(3m).5 It was also used that =, is of order O(a).
Using this relation alongside with Eqs. (3.31) and (3.33), the contribution to the nucleon
coupling v, from the gluon term of the Lagrangian can be given as

2004

an D (n|Gy, GE |n) af = CF (n|Gf,GhY n) =~ —24C% (n|moQQ|n) . (5.21)

s

If there was a term C’ngxzc_)Q in the Lagrangian, its contribution to the nucleon coupling
would be

an O (n|QQIn) af = 2CF (n|mqQQ|n), (5.22)

where Eqgs. (3.30) and (3.32) were used. Thus, the gluon contribution can also be described
by such a heavy quark term in the Lagrangian, where the Wilson coeflicients need to be
related by 26’? = —24C§. In practice this means that one can compute the Wilson coefficient
ng from diagrams with external heavy quarks and thereby also find the value for the gluon
Wilson coefficient as
1
CY=——C¥ 5.23
S 12 S ( )
without computing any diagram with external gluons explicitly. Cg then enters the cross
section as described by Eq. (3.37).

5 Note that AB = Bnt1 — Bn = a2/(37) for any n.
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5.3.2 Triangle and Box Diagrams with External Gluons

The third diagram in the sum in Eq. (5.14) represents the triangle and box diagrams with
external gluons. More explicitly, it represents the following diagrams:

XX XQX XQX XQX

, V2
| M M M (5.24)
g&@mf
where
X77 77X X7777777777X Xﬁiiij/v\iiiix X 77777 F};”’X
SN = T K + ) AR (5.25)
h; hj h; hj hi hj k=1,2 h; hj

All non-redundant combinations of h; and h; (i,j = 1,2) have to be taken into account.

In principle, all quark flavors can appear in the quark loop in these diagrams. However,
since all of the diagrams contain two quark—Higgs vertices, each of which is proportional to
the quark mass, the contributions of all other quark flavors can be neglected in comparison to
the top quark. Therefore, only the case of the top quark loop is considered, which will allow
for significant simplifications due to approximations that are valid for large quark masses.

Following [Ert19, p. 25|, in the first step the quark loop integral will be performed in
the Fock—Schwinger gauge (see Sec. 5.3.2.1). After constructing the loop amplitude, where
the gluon legs are described in terms of background field contributions to the full quark
propagator (see Secs. 5.3.2.2-5.3.2.4), the loop integral is computed using Feynman parameters
in Sec. 5.3.2.5. After arriving at this result, the approximation of a heavy quark mass will
reduce the result of the loop integral — which is so far a function of the second loop momentum
q — to a constant effective coupling between two gluons and two Higgs bosons. The sum of
the diagrams in Eq. (5.24) can then be given as

has ik (5.26)

where the black dot represents a constant effective coupling between two Higgs bosons and
two gluons. In this way, the top quark that foremost contributes to these diagrams has been
integrated out and the full two-loop computation has been simplified to two separate one-loop
computations.
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5.3.2.1 The Fock-Schwinger Gauge

The general Fock—Schwinger gauge condition on a gluon field Af(x) with Lorentz index p
and SU(3) index a is given by [Nov84]®

(2 — 2p) Ay (z) =0, (5.27)

where zf] serves as an arbitrary gauge parameter. In what follows, we will choose zf; = 0 for
simplicity.

The Fock—Schwinger gauge comes with the handy feature that the gluon field Af(z) can
be expressed uniquely in terms of the field-strength tensor Gy, (z). In order to derive this

relation explicitly, one may start off by differentiating Eq. (5.27):
0= 0, (z"A}(x)) = Aj(z) + 270, A} (x) = Aj(z) + 2 (wa(x) + 8,,Au(x)) . (5.28)
Note that the last step in Eq. (5.28) is valid because in the Fock—Schwinger gauge the

third term of the field strength tensor G}, = 9,47 — 0, A}, + ¢ fabcAZAf, vanishes upon
multiplication with x¥. Substituting * — ax yields

d
0= Aj(ax) +2Y0,Au(az) + az” G}, (ax) = %aAZ(aaj) + az” G, (o). (5.29)

Finally, integrating both sides from a = 0 to a = 1 leads to the sought-after relation
1
Al(z) = —x /0 daa Gy, (ax). (5.30)

It is possible to perform the integral over a explicitly by writing Gzy(om:) as a Taylor series
around z = 0:7

. ! — 1 (n 0\ e
AM([L‘)——LIT /0 dO[O[nZ:;)n! <H11 &L‘Ul> Guy(a‘r) o0

(ITizq =)
o (5.31)

v > ]. 1 n n a a n g;
= —x Z:()n!/o daa™t! <Hi:1 (%Co—i) Guu(x) Y (Hi:lx M)
=11 a no o
== 3 aprs (T 0) G|y ([T ™),

It is not too difficult to show that the ordinary derivative J,, that appears in the last line
of Eq. (5.31) can be replaced by the covariant derivative D, using Eq. (5.27). Since this fact
will not be relevant for the present work, the proof of it will be omitted at this point. It is
worked out nicely in [Nov84].

6 This whole section follows [Nov84] quite tightly.
7 In Eq. (5.31), the convention II9_; (anything) = 1 is used.
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5.3.2.2 The Idea of the Background Field Method

Before moving on with computing the quark loop, let us quickly (and a little bit hand
wavingly) introduce the basic ideas of the background field method. A more profound
introduction is given in [Schl14].

Pictorially, the QED Lagrangian can be given as

n W< (5.32)

If one is interested in processes with external photons only in which case the electrons
solely appear as internal loop particles, it is possible to compute an effective QED Lagrangian
for these processes that is of the form [Sch14, p. 710

L=

+

Loff = (5.33)

:—4F v(@)FH (x) + at Ay (z) + b A,( x)+ A (x)Ay(x)Ag(z) + - -

This effective Lagrangian only depends on photon fields A, (z), whereas the fermion fields
are integrated out. That is, their effective contribution through the loops is absorbed into the
coefficients a*, b*¥, c*¥? etc.

For example, the prefactor b* is computed by

b A,,(0) A, (0) = W
(5.34)

= (ie)? / dtzd*2 Tr SO(2 — 2)A(2)S° (2 — 2)A(Y),

where S°(x — y) is the fermion Feynman propagator in position space. Here, the propagator
with a cross marks the corresponding field as a background field (not to be confused with a
counterterm) that comes with the position-space Feynman rule [Pes95, p. 304]

®M< =ie / dtz A(z). (5.35)

In the presence of this background field, the full fermion propagator, describing a fermion

8 In principle, Leq also includes a fermion loop with no external photons. This diagram is equivalent to a
constant and constant terms in Lagrangians have no effect on the computation of scattering amplitudes.

9 Note that the integral over d*z d*2’ needs to be proportional to A, (0)A, (0), since there is nothing but A,
to carry the Lorentz indices and there is no length scale that could appear as an argument of A,. Still, in
the effective Lagrangian (5.33), the fields have all the same spatial argument z.
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travelling from x to y, is given by [Pes95, p. 660]

S(z,y) = ﬁerxﬁy o

= Sz —y) +ie / d*z2 8%z — 2) A(2) S°(z — y) (5.36)

+ (ie)? / dtzd*2 S%(x — 2) A(2) Sz — 2/) A(Z) S°(2 —y) + - -

5.3.2.3 The Full Quark Propagator in a Gluon Background Field

The object of interest is a quark loop with two Higgs bosons and two gluons attached to it.
Ignoring the gluons for the moment, the quark loop with two Higgs bosons only is given by
position-space Feynman rules as

Here, H io is the Feynman propagator of the Higgs boson field h;, S is the Feynman propagator
of the quark and a; is the coupling factor of the h;qq coupling.'® In position space, this
amplitude cannot readily be given in its amputated form, as the external propagator depends
on integration variables. After performing a Fourier transformation on HY and choosing the
coordinate system such that y = 0 it is found that the amputated amplitude (with the Higgs
propagators dropped) reads [Nov84|

To include (all possible numbers of) gluons that are attached to the loop in addition to the
Higgs boson simply replace S°(z — y) by S(z,y) from Eq. (5.36). This will change 11;;(q) to
say, I1;j(q). Defining the Fourier transformed propagators

S(p) = /d4x e S(x, 0), S(p) == /d4x e P 5(0,2), (5.40)
and using the inverse versions of these relations to turn S(z,y) into momentum space yields

4
illij(q) = —a;a; / (;lﬂj; TrS(p)S(p—q) - (5.41)

10 For the sake of explicitness: In the DCxSM, the (Yukawa) couplings a; of the Higgs mass eigenstates h;
with a quark g are given by

Mg COS & .My Sin «
a = —i———"— as = i—4—"——, (5.38)
v v

where myq is the quark mass, o the Higgs mass mixing angle and v the VEV of the Higgs field H.



5.3 NLO Diagrams with External Gluons 61

Plugging the expansion (5.36) into Eq. (5.40) (and replacing e — g5, since we are now
concerned about gluons instead of photons) yields'!

4
o SO ARS k)
+@%P/d%zﬁﬁﬂmeoww—MM@ﬁﬁw—m—@x
(2m) (2r) 5
| |
(i§§@+mmmﬁ@
100" [ e S0+ b+ k) RS+ ) AR ().

S(p) = S°(p) +igs/

S@:@@+%/

where S(p) = i/(p —m). In these expressions also the Fourier transform of the gluon field
Ap(z) = t* Af,(z) appears, with t* being the generators of SU(3). Using the expansion (5.31),
it can be given as

/d4xezkmA

= 4,. ikx v

—_Zn'n—l—Q ie190,) G (x)‘xzo/d ze™ T ¥ ([T, z°) (5.44)

- N2 (i 9 4. ik

_ ZMH 1 00,) G )| ()5 (( T, ak@)/dme ,
—
—(2m)45(k)

where G, (z) = Gy, (2).

5.3.2.4 Constructing the Loop Amplitude

Ignoring details like integrals, the mere structure of both propagators S(p) and S(p) from
Eq. (5.43) reads S°+S°AS5°+ 89489480+ ... In the loop amplitude (5.41), the combination

11 For example, for the derivation of the second term of S(p) consider

/d4mefip'x/d4za(x—z )b(2) c(z)

4 4 4
/d zd'ze® / d k)l é:; (d?:; em M me TRtk ) 2 g (k1 )b(ka ) e(ks)

d*ky d'ks _; Co)em
::/f”/CMQQA}awﬁhp)a@r+mwwndM>

(5.42)

= [ e et b).

The other terms are derived analogously.
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S(p) S(p — q) appears, which then is of the structure

58 = (54 5°45% +5°45°48°0 + ... )2

5.45
= 8Y5945°48% + 594595°45° + 5°45°45°5° 4 (irrelevant) . (5.45)

Since the object of interest in this work is a loop with exactly two external gluons, all terms
with a number of gluon fields A other than two are irrelevant. Filling in the details, the
amplitude reads

4 4 4
iy (a) = ~GigPasy [ bt (5.46)
Tr (8°(p) S°(p — q + k1 + ko) A(k2) S°(p — g + k1) A(k1) S°(p — q)
+ $9(p) A(ks) S0 — k) S0 — g + b1) Alke) 0 — )

+5%(p) A(k1) S°(p — k1) A(k2) S°(p — k1 — k2) S°(p — )
+ (irrelevant) .

Now, the expansion (5.44) can be plugged in. Only the first term n = 0 is required. Using
G (0) = G}, (0)t* and Tr 2% = 6% /2, and dropping the irrelevant terms, yields'?

2 2 4
ill;(q) = —ngs)aiangy(O)Gga(m / (if; BZV 8520 (5.48)
Tr (5%(p) S°(p — q + k1 + k2) v S°(p — q + k2) v S°(p — q)
+S5%(p) " S (p — k1) S°(p — g + k2) 7" S°(p — q)
+5%(p) 7" S%(p — k1) ¥* SO (p — k1 — k2) S°(0 = 0)) |, pyo -

In the first of the three terms, the names of the momenta ki <> k9 have been swapped to
enable a compact notation.

5.3.2.5 Computing the Loop Integral
One may replace [Ert19, p. 27]

1
GuwGho = 153G G (Gupdve = Guogup) (5.49)

if one is only interested in spin-independent interactions. Furthermore, one can now plug
in the explicit form of the Feynman propagators S°, perform the derivatives with respect
to k1 and ko and compute the Dirac trace. Finally, by a shift of the integration variable
p — —p + ¢ in the first term in the trace of Eq. (5.48), it can be shown that the first and the

12 Also the § function identity

/d4:cf(m) 0,0(x) = —0uf(@)],—_y » (5.47)

which is easily derived using integration by parts, is used in this step.
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last term contribute equally. Specifically, the result is

i?(igs
i (0) =2 o, (o) 0 (5.50)

/ dp (o, 2@’ —pa) 2m* +p-(p—q)
2m*\ @ -m*)H(p—-q?-m?) (P -m?)*((p—q)?®—-m?)?)’
where m is the mass of the quark in the loop.

This loop integral can now be evaluated by the usual procedure. The identity [Pes95,
p. 190]

TL

" 473 1 n (5 1-— ?: €Ty i= zzz—l
e e o MU R s o .

is used to introduce Feynman parameters x;. By a shift p — p 4+ gx, the denominators can
then be brought into the form (12 — A)", where

A =m?— ¢zl —x), (5.52)

such that the integral formulas in [Pes95, p. 807] can be applied:

BRCI et
5 (5 S o—ar Ay

@2m?+p«p—@>
((p—q2)? ~ &)
2

~ 1 2 3(9m2 _ 2 2.2 2
193 “ i dm*(1 — z)°(2m* — ¢°z) + 3¢°z*(1 — z)°A
= 962 —a;a;GY,(0)G™ (0)/O dx ( )X A3) ( ) .

ill;;(q) = SQSCL@GJG@ 0)G*™™(0 / /

+z(l— (5.53)

It was used that [ d*pp*f(p*) = 0 for any function f by symmetry.

Recall that m is the quark mass and that only the top quark is considered, hence m = my.
q is the loop momentum of the second loop of the diagrams in Eq. (5.24) as well as the
momentum of the Higgs propagators. Thus, as in Sec. 5.2.2, the main contribution to the
integral of the second loop comes from regions where ¢? is close to the squared Higgs masses
m? and m3. Assuming m; < my; and mg < my therefore yields ¢?> < m?, which makes the g
dependence drop out completely:

il ~ — 2 el G2, (0) G (0). (5.54)

The validity of this approximation is discussed and compared to the full two-loop result
in [Ert19, p. 8]; for large Higgs masses, the approximation over-estimates the full two-loop
result for the contribution to the Wilson Cg . We will discuss the contribution of these box
diagrams with external gluons to the cross section in Chapter 6.

According to Eqgs. (5.33) and (5.34), this expression for iIl;; can — after dropping Gy, (0)G***(0)
— be plugged in as a vertex factor for the effective gluon—gluon-Higgs—Higgs vertex in (5.26).
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In other words, the Feynman rule

NP Yy o
M NW;m%a,a] (555)

can be adopted. This Feynman rule corresponds to a term

1 92
LD - —=2—a;a; hih; G, G 5.56
- 2 4872m2 (5.56)

in the effective Lagrangian [Ert19, p. 6].

Using this Feynman rule, the box diagrams with external gluons in Eq. (5.24) are thereby
reduced to a 1-loop diagram that can be computed by the standard procedure.

5.4 Matching the Amplitude to the Effective Operators

Regarding their dependence on external momenta, the mathematical expressions of all
the diagrams with external quarks have only two types of terms that contribute to spin-
independent scattering: Terms proportional to u(p2) u(p2) (and otherwise independent of
momenta) and terms proportional to (p; 'pg)pl u(p2) u(ps2), where py is the Dark Matter
four-momentum and po the quark four-momentum. Thereby, the spin-independent part of
the expression of any diagram with external quarks that was considered here can be brought
into the form

iM =i (Ad(p2)u(pa) + B (p1 - p2) (p2)p,u(p2)) (5.57)

with some momentum-independent coefficients A and B.
The effective Lagrangian that would produce such an amplitude reads

1 _ 1 o - _.
Log = 5Ax2qq + §B (x 0" 0" x) (@10, q) - (5.58)
Note that it immediately follows from the definition of Of, in Eq. (3.29) that [Ert19, p. 22]
_ — (Ouyy — Oy 1
qi0uvvq = O}, +1iq ("%2% . 49#11@) q. (5.59)
Plugging this expression into Eq. (5.58) yields
2 8 X

1 1
Leﬁ = <A + -m B> quQqu =+ §B (X Z(‘)“ zal’ X) Olq“/ . (560)

Note that 9,7, — 0,7, is antisymmetric in u and v whereas x i0* 10" x is symmetric. Hence,
this term does not contribute. Furthermore, the Dirac equation @q = mgq was employed.
By comparing this expression with the definition of the Wilson coefficients in Eq. (3.26),
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the Wilson coefficients can be related to the coefficients A and B as follows:

Cl=_—A+ "™p (5.61)
2my 8
2
m
Ct = TXB. (5.62)

By the procedure presented in Sec. 5.3.2, all triangle and box diagrams with external
gluons are proportional to Gy, G*" and independent of momenta. Thereby, they can be
matched directly to the gluon term of Eq. (3.28) in the effective Lagrangian (3.26) in order
to determine the Wilson coefficient C’g.






CHAPTER 6

Numerical Analysis

After the analytical calculation of the cross section according to Eq. (3.37), numerical results
are obtained by fixing the values of all input parameters. The values of the Standard Model
parameters used in this work are given in Sec. 6.1.

There are two distinct types of numerical analyses performed in this chapter. The first one
is based on a parameter scan, which produces parameter points that obey current theoretical
and experimental constraints. In Sec. 6.2, this analysis is described and its results are
presented.

In Sec. 6.3, an individual valid parameter point is selected and its behavior upon variation
of different parameters is examined.

Note that the approach for computing the cross section of Direct Detection in this work
takes into account all the diagrams of Eq. (5.3), but only the last diagram of Eq. (5.14).
For a detailed discussion about the choice of diagrams and the applied approximations see
Chapter 5 as well as Sec. 6.3.

6.1 Numerical Values of the Parameters
For the Standard Model parameters we take the following values [Dit11, p. 141][Tanl18, p. 161]:

my = 0.19 GeV me = 1.4 GeV my = 172.5GeV

mg = 0.19GeV , ms = 0.19 GeV my = 4.75 GeV ,

me = 0.511 MeV my, = 105.658 MeV , m,; = 1.777 GeV, (6.1)
my = 80.398 GeV , v = 246 GeV ,

myz = 91.188 GeV .
Note that thereby also the weak coupling and the Weinberg angle are fixed as
g =2mw /v = 0.653, sin Oy = my /myz = 0.472. (6.2)

Recall that m; and mg are the masses of the lighter and heavier Higgs boson, respectively. In
this chapter, we denote them as my, for the mass of the Standard-Model-like Higgs boson and
as my for the mass of the non-Standard-Model-like Higgs boson. For the Standard-Model-like
Higgs mass the value

my, = 125.09 GeV (6.3)

is used [Aadl5].
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Furthermore, the computation of the cross section according to Eq. (3.37) requires numerical
values for the mass of a nucleon as well as for the form factors and second moments. The
analysis of the subsequent sections is done for the proton p, i.e. it holds

o =0, (6.4)
where o), is given by Eq. (3.37). The proton mass is taken to be [Tanl8, p. 127]
my, = 0.938 GeV . (6.5)

The values for the form factors fi and f7' as well as for the second moments ¢"(2) and ¢"(2)
are taken from [Ert19, p. 30]:

fP=0.01513, f7=0.0191, fP =0.0447,
P =0.92107,
uP(2) =0.22, ?(2) =0.019,
_ (6.6)
aP(2) = 0.034, &(2) =0.019,
dP(2) = 0.11, sP(2) = 0.026, bP(2) = 0.012,
1 (2) = 0.036, 5(2) = 0.026, bP(2) = 0.012.

If not stated otherwise, all results are given in the Feynman gauge £ = 1, where £ is the
gauge parameter of all gauge bosons. The gauge dependence will be examined in Sec. 6.3.

6.2 Parameter Scan

Having fixed all Standard Model parameters according to Sec. 6.1, the values for the re-
maining four parameters given in Eq. (2.19) are produced during a parameter scan, which is
automatized by the code SCANNERS-2 [Coil3][Fer14]|[Cos16][Miih17]. The scan ranges were
chosen as follows:

mg €[ 30GeV, 1000GeV],
my €] 30GeV, 1000GeV
vs € 1GeV, 1000GeV

ac| -—m/2, T/2].

)

]

],

| (6.7)
]

The parameter scan of SCANNERS-2 takes into account current bounds for the non-
Standard-Model-like Higgs boson from LEP, Tevatron and the LHC as well as constraints
on the Dark Matter candidate, using interfaces to HIGGSBOUNDS-5 [Bec10][Becl1][Becl4a],
H1cGsSIGNALS-2 [Becl4b] and MICROMEGAS [Bél18]. In addition, MICROMEGAS com-
putes the relic density, as introduced in Sec. 3.6, for every parameter point.

That is, SCANNERS-2 produces random numbers for mg, m,, vs and « within the
ranges (6.7). Each set of such numbers is called a parameter point and for each parameters
point it is checked whether its values are in conflict with any experimental result. Points
which are in this way excluded by experiments are thrown away and only points which comply
with past experimental results are kept. In this way, about 260 000 valid parameter points
have been created which will be examined in the remainder of this chapter.
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Figure 6.1: This plot shows the parameter sample together with the limits of liquid xenon
based experiments from Fig. 3.2. The corresponding values of the effective spin-independent
cross section fy, - o (see Sec. 3.6) are plotted against the Dark Matter mass m,. The color of
the parameter points illustrates the mass of the non-Standard-Model-like Higgs boson mg. The
neutrino floor is plotted in gray. The data for the limits and the neutrino floor was taken from
[Tanl6, p. 6][Akel7, p. 6][Ang08, p. 4][Aprl6, p. 10][Aprl8, p. 7][Morl9, p. 8][Bill4, p. 13], using
the tool [Des13].

In Fig. 6.1, the parameter points of the scan are added to the plot from Fig. 3.2, which
shows the limits of several liquid xenon based Direct Detection experiments as well as the
neutrino floor. Note that the effective cross section, as defined in Eq. (3.41), is plotted.
There are parameter points above the neutrino floor (which is plotted in gray), corresponding
to a wide range of mass values for the color-coded non-Standard-Model Higgs mass my.
The majority of them lies within a relatively narrow Dark Matter mass range of about
mp/2 < m, < 80GeV. We found only points below the prospective XENON10T limit, but
some lie above the prospective limit of the upcoming DARWIN experiment which could start
by 2023 [Aall6, p. 3].

In Fig. 6.2, the cross section of all parameter points is plotted against the four non-Standard-
Model parameters of the DCxSM. The plot in Fig. 6.2a is similar to Fig. 6.1, but with the
cross section o instead of the effective cross section f,, - o and with the axis bounds chosen
in a way that all generated points are shown. For higher cross sections of about 10~4? cm?
there is an edge at m, = my; /2. Note that the Higgs boson can decay into two Dark Matter
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Figure 6.2: The cross section plotted against m, (a, b), mg (c, d), vs (e, ) and « (g, h). On the
left-hand side, all about 260 000 parameter points of the parameter scan fulfilling the theoretical
and experimental constraints are plotted; the color illustrates the size of an additional parameter.
On the right-hand side, only the parameter points that appear above the neutrino floor in Fig. 6.1
are plotted in color and all remaining parameter points in gray.
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particles if m, < mj,/2 — having not observed such a decay at colliders imposes a constraint
on the corresponding coupling of the Dark Matter—Higgs vertex. Since o is proportional to
this coupling, these constraints can be translated to constraints on ¢, which forbids parameter
points with m, < mj,/2 for cross sections of a certain value (of about 1079 cm? according
to Fig. 6.2a) and above. For lower cross sections, Dark Matter masses of about 55 GeV and
below are strongly constrained, presumably by astronomical observations. Moreover, from
the color coding of Fig. 6.2a one can infer an anticorrelation between the cross section o and
the non-Standard-Model-like VEV vg.

In Fig. 6.2b, only the parameter points that lie above the neutrino floor in Fig. 6.1 are
plotted in color. By comparing the Figs. 6.2a and b with Fig. 6.1 it is obvious that it
considerably depends on the value of the relic density factor f,, which points lie above the
neutrino floor and which ones do not.

In Fig. 6.2¢, the parameter points are plotted against the mass of the non-Standard-Model-
like Higgs boson mg. For mg < my,/2, there are only isolated points since the decay of a
Standard-Model-like Higgs boson into two non-Standard-Model-like Higgs bosons is strongly
constrained by collider experiments. For m, < my, only points with o ~ £7/2 are found:
The inverted mass hierarchy with additional light neutral Higgs bosons is only possible with
singlet-like light Higgs bosons. Furthermore, there is a dip at mg = my,. It is already apparent
in the tree level amplitude in Eq. (5.2), which is proportional to m? — mi (for finite ¢). This
dip is also observed in the Vector Dark Matter Model [Glal9, p. 20].

In Fig. 6.2d, i.e. after dropping all points below the neutrino floor, there is a single
parameter point left over for mg < my, while most remaining points correspond to a wide
span of rather large masses 1.

The behavior of the parameter points w.r.t. vg is examined in Fig. 6.2e. As it can already
be seen in Fig. 6.2a, the large cross sections are strongly constrained for large values of vg. It
can also be inferred from Fig. 6.2c that there is a correlation between mg and vs.

Finally, in Fig. 6.2g, the parameter points are plotted against the Higgs mixing angle a.
It follows from Eq. (2.13) and (2.14) that the mixing of the gauge eigenstates ¢y and ¢g
is maximal for « = +m/4, where basically no points appear in Fig. 6.2d. It was shown in
[Miih17, p. 21] that large singlet admixtures to the Standard-Model-like Higgs boson are
disfavored by the experimental constraints, which is also applicable to the DCxSM. For
a = +m/2, the gauge eigenstate of the Standard-Model-like Higgs boson ¢y is associated
with the heavier Higgs mass ma, such that my must be smaller than mj,. Therefore, the
points in this region show up in a dark hue. At a = 0 the mixing of the Higgs gauge
eigenstates vanishes and so does the mixing of the Standard-Model-like Higgs doublet H
and the non-Standard-Model-like singlet S (see Eq. (2.1) and note that Apg|a=o0 = 0 from
Eq. (2.17)). Therefore, the Higgs portal to the Standard Model is “closed” for a = 0 and the
cross section of Direct Detection vanishes. This becomes apparent as a dip in Fig. 6.2g.

From Fig. 6.2 it can be seen that most points above the neutrino floor correspond to Higgs
mixing angles with o < 7/4, but the single point that shows up in the region mg < my, in
Fig. 6.2d corresponds to a ~ —7/2.

6.3 Behavior with Respect to Selected Parameters and Gauge Dependence

In order to examine how the cross section depends on individual parameters, we choose a
parameter point from our scan that lies well above the neutrino floor in Fig. 6.1. Specifically,
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the point with

My = 546.93 GeV,
my = 72.53 GeV,

6.8
vg = 152.05 GeV, (6.8)
a=0.224
is chosen, which corresponds to the cross section
Fox -0 = frx - 216 x 107 em? = 8.63 x 107* em?. (6.9)

There is a green and a blue curve in all plots of Figs. 6.3-6.5a. The green curve corresponds
to the approach of this work for the computation of the cross section, i.e. taking into account
only the last diagram of Eq. (5.14). For the blue curve, all diagrams of Eq. (5.14) were taken
into account. We will refer to this approach as “including all gluon diagrams”.

Fig. 6.3a shows the behavior of the selected parameter point upon variation of m,. While
for m, values larger than 30 GeV the difference between the two approaches is roughly a
factor of 3, the curves differ fundamentally for small masses m,. As it is argued in [Grol7,
pp. 4, 6], the Goldstone nature of the Dark Matter candidate of the DCxSM entails that —
in the limit of vanishing momentum transfer ¢ — 0 — only the U(1) breaking term of the
Higgs potential 2.1 gives rise to non-vanishing loop corrections to the scattering between
Dark Matter and a nucleon. Conversely, the Direct Detection cross section must vanish if
U(1) is restored, which is equivalent to the limit m, — 0. This behavior is only revealed in
our approach, but not if all gluon diagrams are taken into account.

Moreover, including all gluon diagrams gives rise to a pole at m, = mg/2 and — although
it is hardly visible in Fig. 6.3a — also at m, = mj/2. These poles are introduced by the
field-strength renormalization factors of the Higgs mediators and they are not canceled if all
gluon diagrams are included (see the discussion in Sec. 5.3).

For comparison with the results of [Ish18, p. 9] consider Fig. 6.3b, where the parameter
point to be varied is chosen accordingly. When including all gluon diagrams, as it is done in
[Ish18], their and our results differ by almost an order of magnitude.

10—+ , 10-18
a) b)
1047 \%
ElU—GU 310—40
) )
1077 mp/2
me/2
—56 | —50
107701 10° 10! 107 10% 1071 10%
my/GeV m,/GeV

Figure 6.3: Dependence of selected parameter points on m,. In a, the parameter point of
Eq. (6.8) was varied. In b, the selected parameter point is given by mg = 1TeV, vg = 2v and
sina = 0.1, as in [Ish18, p. 9].



6.3 Behavior with Respect to Selected Parameters and Gauge Dependence 73

a) 104 b) mm\
10“\
10-4
% 210
< - <
107 1S
107 — 2my,
10-50 s my,
10 mp/2
10! 10° 10° 10! 10° 10°
vg/GeV me/GeV

Figure 6.4: Dependence of the cross sections of selected parameter points on vg and mg.

While Fig. 6.4a, which illustrates the dependence of the cross section on vg, only confirms the
observation from Sec. 6.2 that a large value of the non-Standard-Model-like VEV suppresses
the cross section, the dependence on mg shown in Fig. 6.4b reveals again a significant
difference between the two approaches. While both have a pole for degenerate Higgs masses
mg = my, (this complies with the dip in Fig. 6.2b), including all gluon diagrams introduces
several other poles, for example at mg = my /2 and my = 2my,.

In order to check our result for gauge invariance, we define the relative gauge dependence
as

- 0’|§:1

AEO' = (610)

g ‘g:l
It is illustrated in Fig 6.5a. While in our approach there is no gauge dependence, including
all gluon diagrams introduces a significant gauge dependence, which again can be traced back
to the field-strength renormalization constants of the Higgs mediators.

Finally, we examine the contribution of the gluon box diagrams, that is the last diagram
in Eq. (5.14), which is given in more detail in Eq. (5.24). Let o|nogn be the cross section
without the contribution of these gluon boxes, while ¢ is still the cross section computed in
our approach, i.e. including the gluon box diagrams. The relative dependence of the cross

07,
a) b) 0%
1009
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Figure 6.5: Gauge dependence and dependence on the gluon box diagrams. A¢o and Agpo are
defined in Egs. (6.10) and (6.11), respectively.
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section on the gluon box diagrams is then defined as

o — U|nogb

Agho = (6.11)

O—‘rlogb

This quantity is plotted against m, in Fig 6.5b. Obviously, the influence of the gluon box
diagrams is in the sub-percentage region. Hence, not taking into account the gluon box
diagrams and thereby treating all diagrams with external gluons in Eq. (5.14) consistently

would not significantly alter the overall result.



CHAPTER [/

Conclusion

In this thesis the Dark Complex Scalar Extension of the Standard Model (DCxSM) was
studied, which includes a Dark Matter candidate, and the spin-independent cross section
for Dark Matter Direct Detection was computed. It was argued in Chapter 3 that the
momentum transfer between the Dark Matter particle and the target nucleus in Direct
Detection scattering processes is negligibly small and in Chapter 5 it was shown that the cross
section therefore vanishes at tree level. Hence, it is required to also compute the higher-order
electroweak corrections to this process, which was the major part of this work.

As a general feature of Quantum Field Theories, higher-order corrections introduce infinities,
which need to be taken care of by renormalization. Chapter 4 was dedicated to the elaboration
of the renormalization procedure specific to the Direct Detection process in the DCxSM.
Moreover, the computation required the application of certain approximations for being
able to match the analytical results to the effective Lagrangian, which is necessary for the
incorporation of nuclear physics. They were worked out in Chapter 5.

Finally, after the analytical calculation of the Direct Detection cross section, the result
has been numerically analyzed in Chapter 6 by performing a parameter scan. It turned out
that for xenon based Direct Detection experiments there are parameter points above the
background due to neutrino—xenon scattering. Hence, prospective experiments that reach
sufficiently high sensitivities will either detect a signal which can be explained within the
DCxSM or exclude certain parameter points of the DCxSM.

Furthermore, the standard approach in the literature — which takes into account a certain
subset of the two-loop diagrams with external gluons — was compared to the approach of this
work, where consistently only one-loop diagrams were taken into account.! In the former
approach the behavior of the cross section fundamentally differs from what is expected due to
the Goldstone nature of the Dark Matter candidate in the DCxSM, whereas in our approach
the proper behavior (the vanishing of the cross section in the limit of vanishing Dark Matter
mass) was observed.

Further research would be required in order to consistently take into account the diagrams
with external gluons given in Eq. (5.14), which is only possible by additionally computing
the corresponding diagram with the two-loop correction to the gluon-Higgs vertex.

1 While this approach did also include the effective two-loop box and triangles diagrams with external gluons,
it was shown that dropping their contributions does not significantly alter the result.
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APPENDIX A

Quantum Field Theory and the Standard Model for Non-Physicists

The physical theory that builds the foundation of the work that I present in this thesis is
Quantum Field Theory (QFT) and the Standard Model of Elementary Particles (also called
simply the Standard Model). Textbooks that provide an introduction to those topics tend to
have almost 1000 pages (typical textbooks are [Pes95] or [Sch14]). It is therefore out of the
scope of this thesis to give a profound introduction to those theories. Hoping to make this
thesis a little bit more readable for people who have not studied theoretical particle physics or
maybe not even physics itself, I still want to give an overview on what the fundamental ideas
behind QFT and the Standard Model are. Therefore, I tried my best to put this chapter in
(less formal) words that appeal to the widest possible audience.

QFT is the mathematical framework that has been developed in the mid-20th century
to compute interactions between particles. It generalizes Quantum Mechanics and also
incorporates Special Relativity. Although QFT provides a machinery for computing general
interactions between particles, it does not tell us, for example, how many and what kinds of
particles there are in reality and what their properties (like their charge or mass) are. What
one has to do is to propose some specific set of elementary particles, use this set as an input
for QFT and then use the machinery of QFT to compute measurable results for this proposed
set. If these results coincide with experimental data, the proposal was successful and the
corresponding set of particles and properties does probably actually exist in reality.

A.1 The Standard Model of Elementary Particles

The set of particles and properties that has been most successful until today became famous
under the name Standard Model of Elementary Particles or simply Standard Model. An
overview of the fundamental particles of the Standard Model is given in Fig. A.1. Since
the detection of the Higgs boson at the Large Hadron Collider (LHC) at CERN in 2012
[Chal2][Aad12], all of these particles have been discovered experimentally.

Certain groups of three quarks can group together to form baryons, the most important
examples for baryons being the proton (a group of two up and one down quark) and the
neutron (one up and two down quarks). Several protons and neutrons can form nuclei and
an atom is then nothing but a nucleus surrounded by a cloud of electrons.

The neutrinos barely interact with the other particles; they are almost massless' and do
not carry any charge. As such, they do not agglomerate with other particles, but travel
independently through our universe and also straight through planets and stars. Each cubic
centimeter of the universe contains more than 300 neutrinos [Sch06, p. 164], which has some

1 Within the Standard Model, the approximation of setting the neutrino masses to zero is common practice.

7



78 Appendix A Quantum Field Theory and the Standard Model for Non-Physicists

generation]  generationIl  generation III
mass 173 GeV 126 GeV

charge 23 0
0 H

spin

Higgs boson
%]
i
—
2]
=
=)
electron ] ]
neutrino neutrino neutrino
0,51 MeV 106 MeV 1,78 GeV
-1 -1 -1 2
1/2 1/2 1/2 o
ﬁ
) e 2
= o
3 50
= I~
9 electron myon &

Figure A.1: Overview of the Elementary Particles in the Standard Model. Each quark and
lepton comes with its antiparticle. Also, each quark (and antiquark) exists in one of three so-called
colors. The gluon comes in eight colors. This counting yields 61 elementary particles in total.
Graphics adapted from [Mis10].

interesting cosmological implications — indeed, it has been proposed that Dark Matter might
simply be a huge cloud of neutrinos [Ber18b]. Neutrinos also take part in radioactive processes
like the (-decay.

The gauge bosons are particles that mediate forces between other particles. For example,
the photon — which is the particle that constitutes light — interacts with all electrically charged
particles and hence mediates the so-called electroweak interaction. In the light bulb, electrons
loose energy due to the electrical resistance of the filament. However, energy is a conserved
quantity and hence photons are created at the same place to carry away the energy that the
electron lost. When those photons are caught by our eyes, they will again hit electrons in
the retina, transfer there energy to them and vanish by this process. The energy gain of the
electrons in our eyes is an information that can be processed by our visual system and is
translated to a picture in our brain.

The bottom line is that the electron in the light bulb lost energy (“decelerated”) and the
electron in the eye gained energy (“accelerated”). Hence, the first electron effectively “pushed”
the second electron and the mediator of the “pushing force” was the photon.

The other gauge bosons mediate forces between particles in a similar, yet somewhat more
complicated way. The Z and W bosons are responsible for the weak interactions, which are
relevant for radioactive decays. The gluon mediates the strong interaction, also called strong
nuclear force, which ties quarks together and is therefore responsible for the formation of
baryons and also nuclei.

To understand the role that is played by the Higgs boson, it is unavoidable to dig a little
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bit into the mathematical formulation of QFT and the Standard Model. After doing so in
Sec. A.2 and A.4, we will return to the Higgs boson in Sec. A.5.

A.2 Lagrangians and Simple Feynman Diagrams

In Newtonian classical mechanics, the dynamics of a physical system is determined by the
differential equation

F=ma, (A1)

where a = & is the acceleration (the second derivative of the position x with respect to time).
After the form of the force F' — which is typically a function of x — was chosen depending on
the system that one wants to describe, this differential equation can be solved for x.

To construct the correct force can be difficult for more complex systems. Often, it is easier
to find the kinetic and potential energies T" and V instead. Defining the so-called Lagrange
function or Lagrangian L =T — V it can be shown that the differential equations

4L aL

yield the same results for x as the Newtonian differential equations (A.1). Eq. (A.2) is known
as the Fuler—Lagrange equation.

As a simple example for a physical system consider a particle of mass m at height x in
the gravitational field of the earth. The force that acts on the particle is given by F' = mg
(g ~ 9.81m/s? is the gravitational acceleration; in this special case, F' is independent of )
and Newtons differential equation (A.1) reads

mg=mia, (A.3)

which can be solved for the trajectory x(¢). On the other hand, the kinetic and potential
energy of the particle are given by 7' = mi?/2 and V = mgz, respectively. These energies
are combined to the Lagrangian £ = mi?/2 — mgz. Plugging this Lagrangian into the
Euler-Lagrange equation (A.2) instantly yields the same differential equation (A.3) as in the
Newtonian case.

That is, the information on how the physical system evolves in time can be encoded into
a single function, namely into the Lagrangian £. Using the machinery of Euler-Lagrange
equations and techniques for solving differential equations allows for the computation of
measurable results, namely of trajectories z(t).

At the beginning of this chapter it was stated that the input data of QFT is a set of particles
together with their properties. This information can also be encoded into a Lagrangian?
and indeed it needs to be encoded into a Lagrangian for the machinery of QFT to be able
to “read” it. That is to say, for any possible set of particles and their properties there is a
specific Lagrangian.

Given the large number of elementary particles in the set that we call “Standard Model” it

2 More precisely, it can be encoded into a Lagrangian density, which is a technical difference that is beyond
the scope of this chapter.
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is no wonder that the corresponding Lagrangian is really complicated — too complicated to
present it in all its glory at this point. However, let us write down a small part of the whole
Standard Model Lagrangian:

1 _ _
L= _ZFWFW + ipy, 0M) — qpyp A 4 -+, where FM = 0MAY — 0"A". (A4)

The dots stand for the part of the Standard Model Lagrangian that we have neglected at
this point. In this chapter, we will also ignore most of the details of the terms that we have
given in Eq. (A.4). Instead, let us focus only on the so-called fields ¢ and A. The field 1
describes an electron, the field A describes a photon. The second term in Eq. (A.4) contains
two ¢’s and no A; the third term contains two ¢’s and one A. After plugging the definition
of F into the first term and expanding it, the first term crumbles into several terms but
each of those terms contains exactly two A’s.

Within the machinery of QFT, terms with two fields of the same type describe the
propagation® of the corresponding particle. That is, the first term of the Lagrangian in
Eq. (A.4) (that, after expansion, contains only terms with two A’s each) determines “how a
photon propagates” and the second term determines “how an electron propagates”.

On the other hand, terms with three fields describe interactions between the participating
particles. Hence, the third term in Eq. (A.4) describes an interaction between two electrons
and one photon. Pictorially, this interaction can be drawn as follows:

(4

A w< (A.5)

(8

Such a diagram is called a Feynman diagram.* The point where three (or more) legs meet
is called a vertex. That is, the third term of the Lagrangian in Eq. (A.4) describes a vertex
between two electrons and one photon. The Lagrangian in Eq. (A.4) does not contain a
term with two photons and one electron. Therefore, also the corresponding vertex with one
electron leg and two photon legs is not allowed. In this way, the Lagrangian encodes which
interactions between particles are possible and which are not.

Recall our example of the light bulb from Sec. A.1: An electron in the filament sends out a
photon, which is caught by another electron within our eye. If we agree on the convention
that the time flow in the diagrams is from left to right, then the sending-out process and
the catching process can be visualized in form of the following two Feynman diagrams,

3 The propagation of a particle is more or less its “motion”. It is said that a particle propagates from a place
A to a place B.

4 Usually, the legs of Feynman diagrams are labeled with particle symbols instead of fields (for the electron
e instead of 1 and for the photon « instead of A). In Eq. (A.4) I just wanted to emphasize the connection
to the Lagrangian and therefore used ¢ and A.
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respectively:

e% , %e, (A.6)

Y Y

Both diagrams contain the vertex (A.5), but in different orientations: The sending-out
process has an outgoing photon whereas the catching process has an incoming photon. The
third term of the Lagrangian in Eq. (A.4) only tells us which lines can be attached to a vertex
but does not put any constraints on which particles are incoming or outgoing.

A.3 Clarifying Nomenclature: Quantum Electrodynamics, Quantum Chromodynamics and
the Eletroweak Theory

The reader may also have heard (or read in this thesis) of “Quantum Electrodynamics” or
“Quantum Chromodynamics” and it may be confusing how these theories play together with
QFT and the Standard Model. So let us take a moment to clarify this nomenclature.

The combination of the mathematical formalism of QFT together with a specific Lagrangian
describing a specific set of particles is also often called a “theory”. For example, the theory of
Quantum FElectrodynamics (QED) describes only the electron and the photon and therefore
includes only a subset of the whole QFT formalism and its Lagrangian has much less terms
than the Standard Model Lagrangian. QED is the simplest example for a QFT that is
realized in nature, but one can also write down even simpler (but of course also much more
complicated) Lagrangians that describe artificial or hypothetical particles that are not (yet
found to be) realized in nature. A very simple example for such an artificial theory is ¢*
theory — it is actually used as a toy model for explaining the principles of renormalization in
Sec. 4.1 in this work (we will see what renormalization is all about in Sec. A.4).

Aside from QED, the other theories of which we know that they are actually realized in
nature are Quantum Chromodynamics (QCD) — describing quarks, gluons and the strong
interaction — and the FElectroweak Theory. The Electroweak Theory is a generalization of
QED: That is, it describes everything that is also described by QED, but it additionally also
describes neutrinos, the W, Z and Higgs boson and the weak interaction. And that’s already
it; we do not know of any other kinds of QFTs being realized in nature for sure.® Roughly
speaking, adding the Lagrangian of QCD to the Lagrangian of the Electroweak Theory gives
the Standard Model Lagrangian.

A.4 Quantum Field Theory (QFT)
We have introduced the Standard Model in Sec. A.1 and talked a little bit about the
corresponding Lagrangian in Sec. A.2, which encodes the particles of the Standard Model in
a form that can be processed by QFT. Let us now move on and introduce some basic ideas
and concepts of the QFT formalism.

5 Admittedly, the truth is a bit more complicated. What I should say is that there are no other kinds of
QFTs that describe elementary particles being realized in nature for sure. This is because many concepts
of QFT have been successfully applied in other contexts than elementary particle physics, like solid state
physics. But for the spirit of this appendix it is definitely a reasonable statement.
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In the beginning of this chapter it was stated that QFT is a machinery to compute
measurable results for some input Lagrangian that can then be compared to experimental
data. Specifically, this quantity which can be computed by QFT and also be measured by
experiments is called the cross section of a process that turns a specific set of incoming
particles into a specific set of outgoing particles. For example, the first diagram in (A.6) is
an illustration of the process where an electron turns into an electron and a photon. Note
that the outgoing electron must have a different energy and momentum than the incoming
electron, since energy and momentum are conserved and some of the incoming electron’s
energy and momentum is carried away by the photon.

Let us now consider the example of a process called Compton scattering. It is the process
of an electron and a photon turning into an electron and a photon. Well, if we put it like
this, this sounds confusingly trivial, since it seems as if nothing has happened. But let us
assume that the incoming particles have different momenta (and energies) than the outgoing
particles. That is, the types of incoming and outgoing particles of this process are the same,
but during the process some momentum (and energy) was transferred from one particle to
another. That is what is called scattering. Thus, there must have occurred some kind of
interaction or, if you will, some “pushing”.

The first idea that comes to mind on how we could illustrate this process is probably as
follows (again, the time flow is from left to right):

€ €

>< . (A7)

Y Y

This is a vertex between two electrons and two photons. Unfortunately, there is no term with
two ¢’s and two A’s in the Standard Model Lagrangian of Eq. (A.4) and hence such a vertex
is not allowed in the Standard Model.

Does this mean that Compton scattering itself is not allowed? No, it only means that this
process is more complicated than depicted in (A.7). So far we have only drawn Feynman
diagrams with a single vertex. However, Feynman diagrams may also have more than only
one vertex. The following Feynman diagram is a possible illustration of Compton scattering
that uses only the allowed vertex of two electrons and one photon, but twice:

€ &

>—< : (A.8)

v Y

Now we have a diagram for Compton scattering, but what we want is a mathematical
expression for the measurable cross section of this process. It is possible to turn such Feynman
diagrams into mathematics using the so-called Feynman rules. They are a set of rules that
can be derived by the formalism of QFT to translate Feynman diagrams into mathematical
expressions. Feynman rules are of a modular structure: They tell you what expression you
have to write down for each vertex (namely igy*) and what for each external or internal
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electron or photon line.® A complete list of all Feynman rules that are required for the
Standard Model is given in [Rom12]. For a simple diagram like the one in Eq. (A.8), the
corresponding mathematical expression will be reasonably simple and can be turned into the
measurable cross section of Compton scattering straightforwardly.

Unfortunately, the diagram in Eq. (A.8) is by far not the only possible illustration for
Compton scattering. The following diagrams also do the job of turning an electron and a
photon into an electron and a photon with potentially changed momenta, using only the
correct vertex encoded in the Lagrangian:

e e
W , e e . (A.9)
v Y

The question is, which of the three diagrams in Eqgs. (A.8) and (A.9) is the correct one? The
answer is, all of them are correct.

The diagrams give physical interpretations of what happens when an electron and a photon
interact: In the second diagram of Eq. (A.9), for example, an electron and a photon come in.
The electron emits an “internal” photon. Next it absorbs the incoming photon, then emits
the outgoing photon and finally absorbs the photon that has been emitted before by the very
same electron.

From an experimental point of view, these three diagrams are indistinguishable from each
other since experiments can only detect the incoming and outgoing particles. Everything in
between happens basically at the same place at basically one instant of time and cannot be
“seen” by any real experiment. Thus, if one detects an incoming electron and photon and
an outgoing electron and photon with changed momenta, one will never know which of the
diagrams they went through.

The mechanism of QFT therefore tells us that all possible diagrams have to be taken into
account; their corresponding mathematical expressions simply need to be summed up:

>_< N w n 4o (AL0)

In principle, this is always an infinite sum, since one can always think of more and more
complex diagrams that all are possible realizations of Compton scattering. The more complex
a diagram is, the more vertices it has. Recall that each vertex comes with a factor of igy*,
where ¢ is the electron’s charge. Thus, the more complicated a diagram is, the more factors
of g its corresponding mathematical expression will have. Since ¢ is a tiny number, diagrams
with more vertices contribute less to the total sum of all diagrams than diagrams with less
vertices. Hence, the more complicated a diagram is, the more it can be neglected. The more
diagrams will actually be computed (and not neglected), the more accurate the result will be.

6 The mathematical expressions for internal photon or electron lines can be derived from the first two terms
of the Lagrangian in Eq. (A.4). In that sense, those terms describe how the particles “move”. After all, a
line of a Feynman diagram basically depicts a moving particle.
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For a given process, all diagrams with the least number of vertices are said to be of leading
order. For Compton scattering, that would only be one diagram, namely the first one in the
sum of Eq. (A.10). All diagrams with the second-least number of vertices are said to be of
next-to-leading order. For Compton scattering, that would be all diagrams with four vertices,
for example (but not limited to) the second and third diagram in the sum of Eq. (A.10).

Diagrams of next-to-leading order and even higher orders come with loops. The Feynman
rules tell us that the mathematical expression for a diagram with a loop contains an integral
over a momentum. The computation of these integrals requires a fairly complicated mathe-
matical machinery. Even worse, those integrals usually diverge, that is they yield infinite
results. However, measurable quantities like the cross section of a process should be finite
(after all, it is impossible to measure infinite quantities). Luckily, the cross section is the sum
of several diagrams with loops and as it turns out, the infinities of the integrals of different
diagrams cancel each other in this sum.

Keeping track of the infinities and proving that they indeed cancel for a given process
requires an intricate procedure called renormalization. When computing cross sections for a
given process, a large portion of the work goes into its renormalization.” The renormalization
procedures that are necessary for the process that has been computed in this work are
described in Chapter 4.

A.5 The Higgs Boson

When theoretical physicists came up with new theories, they have often been guided by
symmetries. Very generally, a symmetry operation is an action that is done on an object that
does not change the object’s appearance. For example, after performing the action “rotate
about 90°” on a square, the square appears to be the same as before that rotation. Thus, the
action “rotation about 90°” is a symmetry operation of the object “square”.

Similarly, the action “replace v by 1 - ! for some number o” is not going to change the
appearance of the term —QI/_)’)/MI/JAH‘ of the Lagrangian of Eq. (A.4). If I tell you that the
meaning of the bar in 1 includes complex conjugation, this should be obvious for people who
know complex numbers:

- replace v by - T i i -
— gy p Al SRR DY VT, ey et Al = —qiby, b AR, (A.11)

The factor e™*® from 1) precisely cancels the factor e’® from . Hence, this action is a
symmetry operation of this term and since it is also a symmetry operation of all the other
terms in Eq. (A.4), it is a symmetry operation of the whole Lagrangian.

By trying to construct Lagrangians that give correct measurable results after putting them
through the mechanism of QFT, physicists found that such kind of symmetries are very
fundamental properties of “good” Lagrangians. As a counterexample, a term that contains
Yprp will not be symmetric under the action “replace 1 by 1 - €/*”, because this action will
turn 1 into Yppe’®. That is, it violates this symmetry and will probably not appear in
any “good” Lagrangian.

7 Also a large portion of effort went into the development of this procedure in the first place: After the issue
with the infinities was discovered in 1930, it took until 1950 that the procedure to handle them, i.e. the
renormalization technique, has been developed [Shil2, p. 2].
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Lagrangians also feature more complicated symmetries, where the corresponding action is
to replace several fields of different types simultaneously in specific ways (like “replace v by
this and A* by that simultaneously” and the Lagrangian will end up unchanged).

Upon trying to construct the terms of the Lagrangian that encode the W and Z bosons and
their interactions correctly, one runs into the problem that this is at first glance impossible
without violating fundamental symmetries. A possible way out is to add the field of a
completely new particle in a specific way to the Lagrangian, such that the symmetry will no
longer be violated. Although the true situation is more complicated, in principle this can be
understood as follows: As we saw, the appearance of ¥/t is changed by the action 1) — 1e'®
and hence the interaction of three v¢’s violates the symmetry. Adding a new field ¢ that is
simultaneously changed to ¢ — ¢e ™' will restore the symmetry, since

i@ and ¢ by ¢e

Py SEET LV e pei e g = g (A12)
Thus, the term 1)1h¢ can well appear in a “good” Langrangian. Under certain conditions it
is now possible to write the new field ¢ as ¢ = v + h, where v is a mere constant and h is
another field that describes a particle.® Plugging this in yields

VP = vy + pPh. (A.13)

Since v is just a constant, the first term on the right-hand side describes again a vertex of
three ’s. In this way, an interaction of three 1’s can be made possible in a good Lagrangian;
of course, the term v ¥ still violates the symmetry, but what counts is that the term y)1)¢
— before ¢ = v + h is plugged in — does not. This might sound a little bit like cheating, but it
is how nature apparently works.”

Interestingly, however, this procedure not only gives rise to the desired interaction of three
¥’s, but due to the second term on the right-hand side of Eq. (A.13) there is now also an
interaction between three ¢’s and a new field h. This is in principle the way, the Higgs boson
(or Higgs particle) was postulated; h is the field that describes the Higgs boson.

The problematic term in the Lagrangian that without the Higgs boson violates important
symmetries is the one that describes the masses of the W and Z bosons. Including the
interactions of W and Z bosons into the Lagrangian also has the effect that the mass terms
of fermions (electrons, quarks etc.) now violate the symmetries. By including a field ¢ in a
similar way as shown above, all those mass terms become valid. This is what popular media
mean when they say that the Higgs boson “generates” the masses of other particles.

A.6 Physics beyond the Standard Model

Although the Standard Model Lagrangian was extremely successful in explaining and predict-
ing outcomes of experiments, there are still many phenomena that are not described by the
Standard Model. Altogether, these phenomena are referred to as physics beyond the Standard

8 We have not explicitly pointed that out so far, but all fields like 1), A ¢ and h are functions of space and
time coordinates & and ¢, whereas the constant v is a mere number.

9 Of course, the certain conditions for being able to write ¢ = v + h that I have mentioned but not further
specified here are very relevant to justify this treatment.
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Model.

Most obviously, the Standard Model does not at all know gravity. Until today, the best
description of the phenomenon of gravity is the theory of General Relativity, which is of a very
different structure than QFT and the Standard Model. But since all other fundamental forces
are mediated by the gauge bosons, it seams reasonable to suppose that there might also be a
gauge boson that mediates gravity. Unfortunately, all attempts to construct a Lagrangian
that includes such a particle and yields results in compliance with General Relativity have
failed.

Another prominent construction site is the phenomenon of Dark Matter. The existence of
large amounts of some yet unknown type of matter in the universe is experimentally well
established. However, no one knows the kind of particles that Dark Matter is made up of.'®
Most ideas of how to theoretically describe Dark Matter involve the postulation of a new
kind of particle that has to be added to the Standard Model particles shown in Fig. A.1.

There are many different ways of how the Standard Model could be extended in order to
possibly explain Dark Matter. In order to find out which of these possibilities is the right one,
theoretical predictions for these postulated extensions have to be compared by experimental
measurements of the properties of Dark Matter.

Many of these experiments have been, are currently and will be conducted. I introduce
some of them in Chapter 3.

In this master thesis, I investigated one specific possible extension of the Standard Model,
called Dark Complex Singlet Extension of the Standard Model (DCxSM). In addition to all
fields of the Standard Model, a new field S is introduced that gives rise to actually two new
particles, ¢g and x. While ¢g is nothing but another Higgs particle, x is the Dark Matter
candidate of the DCxSM. This is explained in Chapter 2.

For this Dark Matter candidate x I computed the theoretical expectations for the outcome
of experiments that aim for the detection of a Dark Matter particle. This computation is
basically performed throughout the Chapters 3 to 5. Finally, in Chapter 6, I present the
numerical results of this computation.

10 There are even hypotheses explaining the phenomenological effects of Dark Matter not by actual Dark
Matter, but for example by modifying Newtonian Mechanics, see [Mil94].
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The Higgs Mass Mixing Angle

For the purpose of deriving Egs. (2.16), let us abbreviate the Higgs mass mixing matrix as'

M? = (Z g) , where a=Agv?, b=Agvg, €= AggvUs. (B.1)

Computing the matrix product RM?R~! explicitly, Eq. (2.14) can be given as

acos? a + 2ccos asin o + bsin? « (b—a)cosasina + ¢ (cos? a — sin? )
(b —a)cosasina + ¢ (COS2 a — sin? a) asin? a — 2ccosasina + beos? a

L (ﬂgﬁ 735) . (B.2)

These four equations in (B.2) (two of which are equal) define «. Since a shift « - a + 7
turns R — —R and therefore does not affect RM?R~! and the defining equations for a, one
may assume —7/2 < a < 7/2.
From the vanishing off-diagonal elements in Eq. (B.2) follows
2c 2 AHS VS

tan2a = —— = . B.
T T e = aeed B3

Unfortunately, since tan 2« is not injective on [—7/2,7/2], this equation does not unambigu-
ously determine or. However, the diagonal elements of Eq. (B.2) have not been used so far.
Subtracting them from each other and plugging in a — b from Eq. (B.3) yields

2
m3 —m?2 = —(a — b) cos 2o — 2¢sin 20 = — ¢

. B.4
sin 2ar ( )

Solving this equation for sin 2« gives the second relation in (2.16). The identity for cos 2« is
trivially derived from the expression of tan 2« and sin 2a.

1 This derivation was inspired by [Habl11].
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APPENDIX C

Vanishing Propagator and Vertex Corrections

In Sec. 5.2.1, the electroweak propagator and vertex corrections to the Dark Matter Direct
Detection process in the DCxSM have been discussed. There, only diagrams were considered
where the mediator is a Higgs boson, i.e. either h; or hy. While Feynman rules do also
give rise to diagrams with other electroweak mediators, they all vanish identically. In this
appendix, we will consider these diagrams — which are given in Fig. C.1 — one by one and
explain why they do not contribute.

In this section we are going to use the convention that p; and ps are the incoming and
outgoing quark four-momenta, respectively. ¢ = ps — p; is the momentum transfer and k
is the loop momentum. That is, for the diagrams that are discussed in this section, the
momenta are defined as follows:

X ---- - X
q+k‘£ 51@

la

_ —>

b1 D2

q

q

where the blob can be either

X ---mx-m- X X ---romn X
/\ or /% , (C.2)

for diagram a) and b)—d) in Fig. C.1, respectively.

a) Xé;;’\;é;x b) X 7(; Biﬁriéi X C) X 7¢;Ei7r7;7 X d) X *;E;F***JFX
~5 2 2 3 3 Gt W
®
q »LL q g—Go. . ¢ q q g q

Figure C.1: One-loop electroweak propagator and vertex corrections with mediators other than
the Higgs boson. Here, the following abbreviations were used:

i=1,2,
¢1:7aZ7
‘1)2:f777i7

(D3:f7W+7G+a’r]i-

Furthermore, f = u,c,t,d, s, b, e, u, 7 stands for all charged fermions.
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Using this convention, the diagrams in Fig. C.1 vanish for the following reasons:

Fig. C.1a:
From Eq. (2.11) it is apparent that the vertex factor of the x? ‘G*‘Z vertex is scalar
and constant.! On the other hand, both the vertices ‘G+‘2 and Z ‘G*‘Z are
proportional to ¢* +2k* [Rom12, p. 15]. The term with k* vanishes by integration
over the loop momentum, since the factor of k* will make the integrand odd.
The momentum transfer ¢g* forms a dot product with the vector boson Feynman
propagator D%’ (q), which yields g, D%’ (q) ~ ¢” for any gauge. This ¢” will then
be dotted into the v* matrix of the gq®; vertex, where it produces the expression

Upy fUip, = Up, (?2 - pl)um ) (C.3)

which vanishes after applying the Dirac equation u,(p —m) = (p — m)u, = 0.

Fig. C.1b, & = f:
The vertex factor of the ffh; vertex is scalar and constant for any fermion f.
On the other hand, the vertex factor of the ffG° vertex is proportional to 7°
[Rom12, p. 14]. Hence, the trace of the loop has the structure

Tr(f+m)y° (¢ + k+m) =0, (C.4)
which vanishes, since Tr 75 =Tr 757“ =Tr 757“7” =0.

Fig. C.1b, &3 = ny:
The two diagrams of C.1b with ®3 = 7, and ®3 = 7_ precisely cancel each other,
because n4 and 71— have identical propagators and the vertices nihi and 72 h;
have identical vertex factors, but the vertices niGo and 12 Gy yield a relative
minus sign [Rom12, p. 22].

Fig. C.1c, &35 = f:
Since the vertex factor of the ffh; vertex is scalar and constant for any fermion f
[Rom12, p. 14] and the vertex factor of the f f®; vertex (®; =, Z) is proportional
to v#(1 4+ av®) (for some scalar a) [Rom12, p. 13], the trace of the fermion loop
has the structure

Tr(f +m)y*(1 + a'y5)(g + k4 m) = 4m(g" + 2k*). (C.5)

Here it was used that the trace over an odd number of v matrices vanishes and so
does the trace over a product of up to three v matrices together with 7. Thus,
the argument that holds for the diagram in Fig. C.1a can also be applied in this
case.

1 In this appendix, “constant” means momentum independent and “scalar” means not containing a v matriz.
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Fig. C.lc, d3 = W™
The coupling between a Higgs boson h; and two W™ bosons is constant, scalar
and proportional to g™ [Rom12, p. 16]. The coupling between v or Z and two
W is proportional to [Rom12, p. 12]

VUP#(Qv k) = _gap(q + 2k>u + gpu(2q +k)o + g/w(k - Q)p . (C.6)

If DL” (p) is the propagator of vector bosons a = v, Z, W, then the structure of
the loop together with the &1 = ~, Z propagator reads

L” = gyr Dy (k) Dy (q + k) Vopu(a, k) Dy, (q) - (C.7)

v is the only free index of this expression, which can — after performing all
possible contractions — only be carried by either g or k, since none of the objects
in Eq. (C.7) contains a v matrix. Thus, L” must be of the form

LV = A(¢* k*)¢" + B(¢*, k*)k" (C.8)

where A and B are arbitrary functions. Consequently, the argument that holds
for the diagram in Fig. C.1la also works in this case.

Fig. C.1c, &3 = G*:
The vertex factor of the h; ‘G*‘Z vertex is scalar and constant [Rom12, p. 19].
Thus, the argument for diagram C.la also works in this case.

Fig. C.1c, @3 = ny:
The vertex of h; and two charged ghosts is scalar and constant [Rom12, p. 22],
whereas the vertex of v or Z and two charged ghosts is proportional to ¢* [Rom12,
p. 21]. Thus, the argument for diagram C.la also works in this case.

Fig. C.1d:
The vertex factor of the h; GTW ™ vertex is proportional to 2¢° + k7. The vertex
factor of the ®;GTW™T vertex is a constant and proportional to g?* [Rom12,
p. 15]. Similarly to the case C.1c for ®3 = W, the structure of the loop together
with the propagator of ®; = v, Z is given by

L" = (2q + k) DY gpu Dglz : (C.9)

Again, the free index can only be carried by either ¢ or k£ and the argument of
the case C.1c for ®5 = W, can also be applied here.
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List of Used Software

The purpose of following list of software that was used for this work is to be fully transparent
about how this work was elaborated and to give the authors of this software the credit they
deserve. The short descriptions of the software were taken from their websites or paper

abstracts.
COLLIER [Denl17]
FEYNARTS [HahO1]
FEYNCALC [Sht16][Mer91]

HicgsBounDs  [Becl0][Becl1]
[Becl4al

HI1GGSSIGNALS  [Becl4b]

LOOPTOOLS [Hah99][01d90]

MICROMEGAs  [Bél18§]

PACKAGE-X [Pat15]
SARAH [Sta08]
SCANNERS-2 [Coil3][Ferl4]

[Cos16][Miih17]
TIKZ-FEYNMAN  [Ell17]
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A fortran library for the numerical evaluation of one-
loop scalar and tensor integrals appearing in perturba-
tive relativistic QFT.

A Mathematica package for the generation and visual-
ization of Feynman diagrams and amplitudes.

A Mathematica package for symbolic evaluation of
Feynman diagrams and algebraic calculations in QFT
and elementary particle physics.

A code that uses the experimental topological cross
section limits from Higgs searches at LEP, the Tevatron
and the LHC to determine if a given parameter point
has been excluded at 95% C. L.

A code that performs a statistical test of the Higgs
sector predictions of arbitrary models (using the Hig-
gsBounds input routines) with the measurements of
Higgs boson signal rates and masses from the Tevatron
and the LHC.

A package for evaluation of scalar and tensor one-
loop integrals based on the FF package by G.J. van
Oldenborgh.

A code for the calculation of Dark Matter properties
including the relic density, direct and indirect rates in
a general supersymmetric model and other models of
New Physics.

A Mathematica package for the analytic computation
of one-loop integrals.

A Mathematica package for building and analyzing
SUSY and non-SUSY models and writing model files
for FeynArts.

A C++ tool for scanning the parameter space of arbi-
trary scalar extensions of the Standard Model.

A LaTeX package to draw Feynman diagrams.
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